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METRICAL UNIVERSALITY FOR GROUPS
MICHAL DOUCHA
Abstract. We prove that for any constant K > 0 there exists
a separable group equipped with a complete bi-invariant metric
bounded by K, isometric to the Urysohn sphere of diameter K,
that is of ‘almost-universal disposition’. It is thus an object in the
category of separable groups with bi-invariant metric analogous in
its properties to the Gurarij space from the category of separable
Banach spaces. We show that this group contains an isometric copy
of any separable group equipped with bi-invariant metric bounded
by K. As a consequence, we get that it is a universal Polish group
admitting compatible bi-invariant metric, resp. universal second
countable SIN group. Moreover, the almost-universal disposition
shows that the automorphism group of this group is rich and it
characterizes the group uniquely up to isometric isomorphism. We
also show that this group is in a certain sense generic in the class
of separable group with bi-invariant metric (bounded by K).
On the other hand, we prove there is no metrically universal
separable group with bi-invariant metric when there is no restric-
tion on diameter. The same is true for separable locally compact
groups with bi-invariant metric.
Assuming the generalized continuum hypothesis, we prove that
there exists a metrically universal (unbounded) group of density
κ with bi-invariant metric for any uncountable cardinal κ. We
moreover deduce that under GCH there is a universal SIN group
of weight κ for any infinite cardinal κ.
Introduction
There has been an effort in trying to find various Polish groups uni-
versal for certain classes of Polish groups usually considering two dif-
ferent notions of universality: injective and surjective universality. If
G is some class of Polish groups (let us say closed under isomorphism
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and taking closed subgroups) then G ∈ G is universal for G (or injec-
tively universal) if every H ∈ G is topologically isomorphic with some
closed subgroup of G. On the other hand, we say that G ∈ G is pro-
jectively universal if for every H ∈ G there is a continuous surjective
homomorphism from G onto H ; or equivalently, there is a closed nor-
mal subgroup NH ≤ G such that H is topologically isomorphic to the
quotient group G/NH.
Various classes were considered in the past. Schreier and Ulam
proved that there are both injectively and projectively universal com-
pact Polish groups (see [26], for example, comment starting on p. 184).
On the other hand, there is no projectively and injectively universal
locally compact Polish group (see again [26]). In [32], resp. [34], Uspen-
skij proved that the group of all homeomorphisms of the Hilbert cube
(Homeo([0, 1]ω)) with the compact-open topology, resp. the group of
all isometries of the Urysohn space with the point-wise convergence
(or equivalently the compact-open) topology, are the (injectively) uni-
versal Polish groups (i.e. universal for the class of all Polish groups).
Recently in [1], Ben-Yaacov proved that the group of all linear isome-
tries of the Gurarij space is a universal Polish group as well. Moreover,
it is not hard to derive from the Uspenskij’s result that the group of all
linear isometries of the Holmes’ space, the Lipschitz-free Banach space
over the Urysohn space, is also a universal Polish group (we refer to
Chapter 5 in [23] for information on this Banach space).
In [27], Shakhmatov, Pelant and Watson constructed, based on a
work of Graev in [13], a projectively universal abelian Polish group
and projectively universal Polish group admitting bi-invariant metric.
Shkarin in [28] found a (injectively) universal abelian group (further in-
vestigated by Niemiec in [20]). Another natural class of Polish groups
are those that admit a compatible complete left-invariant metric (re-
call that every Polish group admits a compatible complete metric and a
compatible left-invariant metric, however these metrics might differ as
is the case for example with S∞, the permutation group of integers, see
[9] for example). They are usually called CLI (complete left-invariant)
groups. Malicki in [18] proved that there is neither a universal CLI
group nor a projectively universal CLI group. The last major contri-
bution to this area were in [2] the Ding’s construction of a projectively
universal Polish group (i.e. projectively universal for the whole class of
Polish groups) and then further constructions of projectively universal
Polish groups by Pestov and Uspenskij in [25]. They in fact construct
projectively universal countable metrizable groups whose completions
are then projectively universal Polish groups.
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It was left open whether there is a universal Polish group in the class
of Polish groups admitting bi-invariant metric. It is well known and not
difficult to check that the condition admitting a compatible bi-invariant
metric is equivalent with having a countable neighborhood base of the
identity where each of these neighborhoods is conjugation-invariant.
These groups are sometimes called (metrizable) SIN groups (small-
invariant-neighborhoods). Thus, stated somewhat more generally than
just for Polish groups, the consequence of our main result is that there
is a universal second-countable SIN group.
For the reader’s convenience we summarize the universality results
for Polish groups in the following table.
Class of groups Universal object Surj. univ. object
all Polish groups yes [32],[34],[1] yes [2],[25]
abelian Polish groups yes [28] yes [27]
compact Polish groups yes, [26] yes,[26]
loc. compact P.groups no, [26] no, [26]
CLI groups no [18] no [18]
SIN P. groups yes, this paper yes, [27]
Parallely, there has been a research on universal groups for sub-
classes of non-Archimedean Polish groups. We refer to the recent ar-
ticle [10] of Gao and Xuan, where they in particular prove that in
case of non-Archimedean Polish groups there is no universal object ad-
mitting bi-invariant compatible metric. Then they summarize that in
case of non-Archimedean Polish groups the last interesting class for
which the solution is not known is the class of all locally compact non-
Archimedean Polish groups.
Still much less explored area is the program of looking for (Polish or
just separable) metric groups that are metrically universal for certain
class of (separable) metric groups. Metrically universal group from
some class of separable metric groups contains isometric copies of all
groups from that class. The only results from this area known to us
(besides the well known results from functional analysis such as that
C(2N) is a metrically universal separable Banach space and metrically
universal separable abelian C∗-algebra) are the following: the Shkarin’s
universal abelian Polish group is actually a metric group that is met-
rically universal for a certain restricted class of abelian groups with
invariant metric - this class does not even contain the integers with the
standard metric (nor, as a consequence, any separable Banach space),
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however, it contains all abelian groups with bounded invariant metric;
we refer to Niemiec’s paper [20] for precise formulations. Niemiec also
found a metrically universal Boolean Polish group in [21] and in [20]
for other exponents as well. Answering Shkarin’s question, we in [4]
produced an abelian separable metric group that is metrically universal
for all abelian separable groups with invariant metric.
Let us also mention a negative result of Ozawa (brought to our atten-
tion by Pestov) from [22] that there is no universal separable II1 factor,
which can be interpreted as a non-existence of a separable metrically
universal group with bi-invariant spherical metric.
Our last main comment concerns structures that are highly homoge-
neous, or, as it is often said with regard to the Gurarij space, that are
of universal disposition. Consider for example the space C(2N). Even
though it is a metrically universal separable metric space and a met-
rically universal separable Banach (normed) space, it lacks certain ho-
mogeneity properties. Already in 1920’s, P. Urysohn ([31]) constructed
a Polish metric space U that not only contains isometric copies of all
separable metric spaces, it also has the property that for any finite met-
ric spaces A,B and isometric embeddings ιA : A →֒ U and ρ : A →֒ B
there exists an isometric embedding ιB ⊇ ιA : B →֒ U extending ιA
such that ιA = ιB ◦ ρ.
Similarly, Gurarij in 1966 in [12] constructed a separable Banach
space G that not only contains linear isometric copies of all separable
Banach spaces, it also has the property that for any finite dimensional
Banach spaces A,B, ε > 0 and linear isometric embeddings ιA : A →֒ G
and ρ : A →֒ B there exists a linear ε-isometric embedding ιB ⊇ ιA :
B →֒ U extending ιA such that ιA = ιB ◦ ρ. In contrast with the
Urysohn space, the ε cannot be taken to be 0.
The universal groups that we construct here also are not only uni-
versal, they have extension property of the same flavor. We postpone
the precise formulation for later. Let us just mention here that, as in
the case of the Gurarij space, this extension property works up to some
ε > 0.
The main results of this paper are the following theorems.
Theorem 0.1. For any positive real constantK > 0, there exists a Pol-
ish metric group GK with bi-invariant metric bounded by K which is of
‘almost-universal disposition’ similarly as the Gurarij space. Moreover,
GK
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• is metrically universal for the class of separable groups equipped
with bi-invariant metric bounded by K,
• is isometric to the Urysohn sphere of diameter K,
• is generic among separable groups with bi-invariant metric bounded
by K.
The precise formulations of ‘almost-universal disposition’ and of be-
ing ‘generic’ are somewhat technical, thus we postpone it till Section
1.5. Before that, we shall focus on constructing the group and showing
its universality.
Since metric universality is much stronger than topological univer-
sality, we thus get the following theorem as a corollary.
Theorem 0.2. There exists a universal Polish group admitting com-
patible bi-invariant metric; resp. Polish group with bi-invariant metric
universal for the class of second-countable SIN groups.
Proof. Let G be the metrically universal G1 from Theorem 0.1 (any
other constant would do as well of course). Then we claim it is the
desired universal group. Indeed, let H be any Polish group admitting
a compatible bi-invariant metric d. We may suppose that d is bounded
by 1. If it were not then we would consider the metric d′ defined for
any a, b ∈ H as
d′(a, b) =
d(a, b)
1 + d(a, b)
which is still compatible and bounded by 1. Thus H isometrically
embeds into G and an isometric embedding is, of course, in particular
a topological embedding. 
One of the auxiliary results that we need in order to prove the main
results, which is interesting in its own right and to the best of our
knowledge was not known before, is the following theorem.
Theorem 0.3. Let (G, d) be a metric group of density κ ≥ ℵ0 equipped
with a bi-invariant metric d. Then there exists a supergroup (G, d) ≤
(H, d¯) with d¯ being bi-invariant such that d¯ extends d and H has the
free group of κ-many generators as a dense subgroup.
On the other hand and in contrast with our result on a metrically
universal abelian group, we have the following theorem.
Theorem 0.4. There is no separable group with bi-invariant metric
that contains isometric copies of any separable group with bi-invariant
metric.
Moreover, there is no metrically universal locally compact separable
group with bi-invariant metric.
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1. Universal groups
Before we start, let us roughly describe the ideas behind the con-
struction. We construct a certain ultrahomogeneous metric free group
(ultrahomogeneous in the same sense as the Urysohn space, the random
graph, the Hall’s universal locally finite group, etc., are ultrahomoge-
neous). This ultrahomogeneous group contains an isometric copy of
every finitely generated free group equipped with a bounded rational
bi-invariant metric that is also finitely generated. We then define a
metric on the set of all bi-invariant metrics on free groups and show
that for any bounded bi-invariant metric on some finitely generated
free group there is a Cauchy sequence of finitely generated bounded
rational metrics that converges to it. This will allow us to prove that
the metric completion of the ultrahomogeneous metric group contains
an isometric copy of every free group with countably many genera-
tors equipped with any bi-invariant bounded metric. The proof will be
complete when we show that every group with bi-invariant metric can
be isometrically embedded into a bigger group with bi-invariant metric
which has a free group as a countable dense subgroup.
1.1. Definitions and preliminaries.
Definition 1.1. Let (G, d) be a metric group. We say that the metric
d is finitely generated if there exists a finite set AG ⊆ G (called the
generating set for d) such that 1 ∈ AG, AG = A
−1
G and for every
a, b ∈ G we have d(a, b) = min{d(a1, b1) + . . . + d(an, bn) : n ∈ N, ∀i ≤
n(ai, bi ∈ AG ∧ a = a1 · . . . · an, b = b1 · . . . · bn)}. In particular, G is
(algebraically) generated by AG.
Any finitely generated metric is automatically bi-invariant which is
not hard to check. Alternatively, the reader may consult [4] where this
fact was proved. Also, the following fact is clear and stated without a
proof.
Fact 1.2. Let (G, d) be a metric group with a finitely generated metric.
Suppose that for some a, b ∈ G we have d(a, b) = d(a1, b1) + . . . +
d(an, bn) for some a1, b1, . . . , an, bn ∈ G such that a = a1 · . . . · an and
b = b1 · . . . · bn. Then for any 1 ≤ i ≤ j ≤ n we have that
d(ai · . . . · aj , bi · . . . · bj) = d(ai, bi) + . . .+ d(aj, bj).
Let us remark that the requirement on d being finitely generated in
the previous fact is not needed in fact, being bi-invariant is sufficient.
We shall also later use the following fact whose proof we sketched
in [5]. Before, we recall the notion of a Graev metric on free groups.
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Let (A, 1, d) be a pointed metric space and let FA be the free group
with A \ {1} as the set of free generators and 1 as the unit. Denote
by A′ the set A \ {1} and set B = {1} ∪ A′
∏
(A′)−1, where (A′)−1 =
{a−1 : a ∈ A′} is the set of formal inverses of A′. Extend d to B
by setting d(a−1, b−1) = d(a, b), d(a−1, 1) = d(a, 1), and d(a−1, b) =
d(a, 1)+d(b, 1), for any a, b ∈ A′. We have B ⊆ FA and let δ be a finitely
generated metric on FA generated by d on B. We call δ the Graev
metric. It follows that finitely generated metric are generalization of
the Graev metric.
Lemma 1.3. Let (G, d) be a metric group, where d is bi-invariant.
Then d is finitely generated iff (G, d) is a factor group with the factor
metric of a free group over a pointed finite metric space with the Graev
metric quotiented by a finitely generated normal subgroup.
Proof. We shall show only the direction that will be used later. For
the other direction, we refer to [5].
Suppose that A ⊆ G is the generating set for d. View (A, 1G, d)
as a pointed metric space and consider the free group FA with the
Graev metric δ extending d on A. Consider the group homomorphism
p : FA → G determined by the identity mapping on A. Since A alge-
braically generates G, it is a surjection. It follows from the definition
of the Graev metric that p is also 1-Lipschitz. 
We shall construct the universal group using Fra¨ısse´ theoretic meth-
ods. It is somewhat similar to the construction of the Urysohn uni-
versal metric space - the unique complete separable metric space that
contains isometric copies of every finite metric space and every partial
finite isometry between its two subsets extends to an autoisometry of
the whole space. Even though the original construction of Urysohn
([31]) precedes the birth of Fra¨ısse´ theory ([8]) it could be described
as Fra¨ısse´-like (we also refer the reader to another construction of the
Urysohn space done by Kateˇtov in [15]) - at first, one constructs a uni-
versal and ultrahomogeneous countable rational metric space, which is
the Fra¨ısse´ limit of the class of all finite rational metric spaces, and then
takes the completion. Here as well, we at first construct a free group
with countably many generators with certain rational bi-invariant met-
ric, which is a Fra¨ısse´ limit of certain class of groups, and then we take
the completion.
Before beginning the construction, we should therefore make a quick
introduction to Fra¨ısse´ theory. For a reader uninitiated to Fra¨ısse´ the-
ory, we recommend either Chapter 7 from [14] or lecture notes of David
Evans from [7]. For a general category-theoretic look on Fra¨ısse´ theory,
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we refer the reader to [6] and [16]. Our use of Fra¨ısse´ theory will be
however fairly classical. It will differ from the standard constructions
in e.g. Urysohn space, random graph, Hall’s universal locally finite
group, etc., only in that regard that in our category of structures we
restrict to a certain proper subclass of all embeddings between them.
Let L be a countable signature and let K be some countable class
of finitely generated L-structures, resp. isomorphism types of finitely
generated L-structures. Moreover, let F be a class of morphisms (em-
beddings) between structures from F (which we suppose contains all
the isomorphisms and identities).
• We say that (K,F) satisfies the joint-embedding property if for
every A,B ∈ K there is C ∈ K and embeddings ιA : A →֒
C, ιB :→֒ C from F .
• We say that (K,F) has the amalgamation property if whenever
we have A,B,C ∈ K such that A is embeddable into B via
some embedding φB ∈ F and embeddable into C via some
embedding φC ∈ F , then there exists D ∈ K and embeddings
of B via ψB ∈ F into D and of C via ψC ∈ F into D such that
ψC ◦ φC = ψB ◦ φB.
• If (K,F) satisfies these properties above then we call it a Fra¨ısse´
class.
The following theorem is the most important tool in Fra¨ısse´ theory.
Theorem 1.4 (Fra¨ısse´ theorem, see [14] or [7] ). If (K,F) is a Fra¨ısse´
class then there exists unique up to isomorphism countable structure K,
called the Fra¨ısse´ limit of (K,F), with the following properties:
(1) K is a direct limit of some sequence K1 → K2 → . . ., where
Ki’s are from K and the ‘arrows’ in the limit are from F .
(2) If A is a direct limit of some system A1 → A2 → . . ., where
Ai’s are from K and the ‘arrows’ in the limit are from F , then
A embeds into K.
(3) If A1, A2 ∈ K are isomorphic and there are embedding ι1 : A→
Kn, ι2 : A2 → Kn, for some n and where ι1, ι2 ∈ F , then every
partial isomorphism between ι1[A1] and ι2[A2] extends to a full
autoisomorphism of K.
(4) For any A1, A2 ∈ K and embeddings ι1 : A1 → Kn, ρ : A1 → A2,
for some n and where ι1, ρ ∈ F , there exists m > n and an
embedding ι2 : A2 → Km such that ι2 ◦ ρ = ι1.
1.2. Construction of the group.
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Definition 1.5 (Category GK). Let K > 0 be an arbitrary positive
rational. Objects of GK are free groups with finitely many free genera-
tors equipped with a finitely generated rational metric bounded by K
(i.e. the distance between two elements of the group is the minimum of
K and the minimum from Definition 1.1. More formally, an object is a
pair (F = {f1, . . . , fn}, dF ), where F is a finite set and dF is a rational
finitely generated metric bounded by K on a free group with F as a
set of free generators. We shall denote the free group corresponding to
this pair by GF .
A morphism between (F, dF ) and (H, dH) is a group isometric em-
bedding ι : GF →֒ GH such that for every f ∈ F we have ι(f) ∈ H . In
particular, |F | ≤ |H| and GH ∼= GF ∗ F|H|\|F |, where F|H|\|F | is a free
group of |H| \ |F | generators.
Our next goal will be to prove that G is a Fra¨ısse´ class which will
mainly consist of proving that it is an amalgamation class. Before we
do that we introduce some machinery useful for working with metric
free groups.
If F is some set, then to each word over the alphabet F ∪F−1∪{1},
where F−1 = {f−1 : f ∈ F} we may associate some element of
the free group, denoted again by GF , freely generated by elements
of F . Formally, we will distinguish between expressions f1f2 . . . fn and
f1 · f2 · . . . · fn, where f1, f2, . . . , fn ∈ F ∪ F
−1 ∪ {1} as the former
shall denote some word, while the latter the corresponding group el-
ement in GF . Obviously two different words may represent the same
corresponding group element and group elements are in one-to-one cor-
respondence with the irreducible words which are words that do not
contain subwords of the form ff−1, 1f or f1 for some f ∈ F ∪ F−1.
If F is any set, by W (F ) we shall denote the set of all irreducible
words over the alphabet F ∪ F−1 ∪ {1}. If g ∈ GF , i.e. an element
belonging to the free group generated by F , then by |g| we shall denote
the length of the corresponding irreducible word from W (F ). If N is
a natural number then by WN(F ) we shall denote the elements of GF
such that the corresponding irreducible words from W (F ) have length
at most N .
This is the main theorem of this section.
Theorem 1.6. The category GK is a Fra¨ısse´ class.
Proof. Clearly, GK is countable. We prove the amalgamation property.
The joint embedding property is just a special case.
Let (G0, d0), (G1, d1), (G2, d2) ∈ G be free groups with finitely many
generators equipped with finitely generated metrics such that there are
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morphisms ι1 : G0 →֒ G1 and ι2 : G0 →֒ G2. Consequently, alge-
braically we can think of G1 as G0 ∗H1 and of G2 as G0 ∗H2, where H1
and H2 are free groups of finitely many generators. We need to find a
group (G3, d3) ∈ G and morphisms ρ1 : G1 →֒ G3, ρ2 : G2 →֒ G3 such
that we have ρ1 ◦ ι1 = ρ2 ◦ ι2.
Algebraically, we may define G3 to be G0 ∗H1 ∗H2. ρ1 : G0 ∗H1 →֒
G0 ∗H1 ∗H2 and ρ2 : G0 ∗H2 →֒ G0 ∗H1 ∗H2 are then the canonical
embeddings. We need to define a finitely generated rational metric on
G0 ∗H1 ∗H2 so that ρ1 and ρ2 are also isometries.
Let Ai ⊆ Gi, for i ∈ {0, 1, 2}, be the finite set such that the metric
di is generated by values on this set. To simplify the notation, we shall
not distinguish between A1, resp. A2, and ρ1[A1], resp. ρ2[A2], and A0
and ρ2 ◦ ι2[A0] = ρ1 ◦ ι1[A0], i.e. for i ∈ {0, 1, 2}, we think about Ai as
a subset of G0 ∗ H1 ∗H2. Without loss of generality, we assume that
A0 ⊆ A1, A2 (actually, we may assume that A0 = A1 ∩ A2). Since A1
and A2 are equipped with metrics (d1 ↾ A1, resp. d2 ↾ A2) that agree
on A0, we may consider the metric amalgamation of A1 and A2 over
A0 denoted by A3. That shall be the generating set for the metric on
G0 ∗H1 ∗H2.
In other words, A3 = A1 ∪A2 and for any a, b ∈ A3 we define d
′(a, b)
to be
di ↾ Ai(a, b)
if a, b ∈ Ai for i ∈ {1, 2}; note that if a, b ∈ A1∩A2 then d1 ↾ A1(a, b) =
d2 ↾ A2(a, b);
otherwise, we define d′(a, b) to be
min{K,min{di ↾ Ai(a, x) + dj ↾ Aj(x, b) :
i 6= j ∈ {1, 2}, a ∈ Ai, b ∈ Aj , x ∈ A0}}.
Finally, we define a bi-invariant metric d3 on G0∗∗H1∗H2 generated
by the values of d′ on A3. That is, for any a, b ∈ G0 ∗H1 ∗H2 we define
(1.1) d3(a, b) = min{K,min{d
′(a1, b1) + . . .+ d
′(am, bm) :
m ∈ N, ∀i ≤ m(ai, bi ∈ A3), a = a1 · . . . · am, b = b1 · . . . · bm}}.
Clearly, this is a finitely generated rational metric bounded by K (gen-
erated by values on A3). It remains to check that for any a, b ∈ G0 ∗H1
we have d3(a, b) = d1(a, b), i.e. ρ1 is an isometry (we again do not
distinguish between a, b ∈ G0 ∗ H1 and ρ1(a), ρ1(b) ∈ G0 ∗ H1 ∗ H2).
Analogously, the same for pairs from G0 ∗ H2. We will do just the
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former as the latter is completely analogous.
Let a, b ∈ G0 ∗H1 be given. Suppose that d3(a, b) = d
′(a1, b1)+ . . .+
d′(am, bm) for some a1, b1, . . . , am, bm ∈ A3 such that a = a1 · . . . ·am and
1 = b1 · . . . · bm. We may suppose that d
′(a1, b1) + . . .+ d
′(am, bm) ≤ K.
We may also suppose that for every i ≤ m we have d′(ai, bi) = d3(ai, bi).
Then we claim that, without loss of generality, we may assume that
for every i ≤ m we have that either (ai, bi) ∈ A1 and thus d
′(ai, bi) =
d1(ai, bi), or (ai, bi) ∈ A2 and thus d
′(ai, bi) = d2(ai, bi) (recall again
that if ai, bi ∈ A1 ∩ A2 = A0 then d1(ai, bi) = d2(ai, bi)). Indeed, if
for some i ≤ m we have that, let us say, ai ∈ A1 and bi ∈ A2, then
by definition d′(ai, bi) = d1(ai, x) + d2(x, bi) for some x ∈ A0. Then
we could replace the pair (ai, bi) by three pairs (ai, x), (x
−1, x−1) and
(x, bi) so that d
′(ai, bi) = d
′(ai, x) + d
′(x−1, x−1) + d′(x, bi).
It is then immediate that d3(a, b) ≤ d1(a, b) since the minimum in
the definition of d3 is taken over a greater set. We need to prove the
other inequality. To do that, we use a result of Slutsky from [30]. To
state his result, we introduce some notation. First, analogously as we
defined d′ to be the amalgam metric on A1 ∪A2 over A0, we define an
an amalgam metric p : G1∪G2 → R on G1∪G2 over G0. Then for any
a, b ∈ G3 we set
(1.2) p(a, b) = inf{p(a1, b1) + . . .+ p(an, bn) :
a1 · . . . · an = a, b1 · . . . bn = b}.
Then we have:
Theorem 1.7 (Slutsky, Theorem 5.10 [30]). p is a bi-invariant metric
on G3 extending d1 on G1 and d2 on G2.
It suffices for us to check that p(a, b) ≤ d3(a, b). Indeed, then we will
have that d3(a, b) ≤ d1(a, b) = p(a, b) ≤ d3(a, b), thus d3(a, b) = d1(a, b)
and we will be done. However, that immediately follows from the fact
that d3(a, b) ≤ K and from the definitions (1.1) and (1.2), since in (1.2)
the infimum is taken over a greater set.
This finishes the proof. 
It follows that the class GK has a Fra¨ısse´ limit denoted here by GK .
It is a free group of countably many free generators equipped with a
bi-invariant metric dK bounded by K. The following fact characterizes
GK . It is a special instance of the Fra¨ısse´ theorem 1.4.
Fact 1.8. GK is characterized by the following two properties:
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(1) It contains as a subgroup every free group of finitely many free
generators equipped with a finitely generated rational metric
bounded by K.
(2) If F ≤ GK is a subgroup that belongs to GK (i.e. free group of
finitely many free generators equipped with a finitely generated
rational metric) and H ∈ GK is another such a group that can be
written as F ′∗H ′, where F and F ′ are isometrically isomorphic
via an isomorphism ι : F → F ′, then there exists an isometric
group monomorphism ρ : H →֒ GK such that ρ ◦ ι = idF .
The second item is usually called the finite extension property of
GK .
Moreover, since dK is bi-invariant, the group operations are auto-
matically continuous with respect to the topology induced by dK and
extend to the metric completion of GK denoted here by GK (we re-
fer to [4] and [5] where the same facts were proved or to [9] for other
information regarding metrics on groups).
The next theorem implies that we may restrict our attention only to
those groups that have a free group as a countable dense subgroup.
Theorem 1.9. Let (G, d) be an arbitrary separable topological group (of
countable weight equivalently in this case) equipped with a compatible
bi-invariant metric. Then there exists a bi-invariant metric d¯ extending
d, which is defined on G ∗F∞, where F∞ is a free group with countably
many generators, such that F∞ is dense in G ∗ F∞.
The same holds true if the metric in consideration is bounded by
some K.
In order to prove it, we invoke the following theorem which we proved
in [5].
Theorem 1.10 (see Theorem 0.2 in [5]). Let (G, dG) be a group with
bi-invariant metric and let (X, dX) be a metric space. Suppose that d
′
is a metric on the disjoint union G ∐ X which extends both dG and
dX , and such that for every x ∈ X we have inf{d
′(g, x) : g ∈ G} > 0
(equivalently, G is closed in G∐X). Then d′ extends to the bi-invariant
metric δ on G ∗ F (X), where F (X) is the free group with X as a set
of generators.
Proof of Theorem 1.9. Let {hn : n ∈ N} be an enumeration of a count-
able dense subgroup of G. By induction, applying Theorem 1.10 count-
ably many times, we produce G ∗ F∞, where the set of free generators
for F∞ is {fm : m ∈ N}, such that for every n, k ∈ N there is m such
that d(fm, hn) < 1/k. We note that we do not consider N to contain 0.
With Theorem 1.10, it is easy to do. Let F : N→ N×N be a bijection
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and let Fi(n), for n ∈ N and i ∈ {1, 2}, denote the projection of F (n)
on the i-th coordinate. At the n-th step of the induction, when we
have already produced a metric dn−1 on G ∗ Fn−1, we define a metric
d′n ⊇ dn−1 on G∗Fn−1∐{fn}, where fn is a new added point, such that
for every g ∈ G ∗ Fn−1 we have d
′
n(x, g) = 1/F2(n) + dn−1(hF1(n), g).
Applying Theorem 1.10 we get a metric dn on G ∗ Fn−1 ∗ F1 ∼= G ∗ Fn
such that dn(fn, hF1(n)) = 1/F2(n).
It is easy to check that when the induction is finished we get a metric
on G ∗ F∞ as desired.
If d on G is bounded by K then we proceed as above. Just after
every application of Theorem 1.10 we decrease the metric so that it is
K-bounded; i.e. if Theorem 1.10 gives us a metric d′n on G ∗ Fn we
define K-bounded dn on G ∗Fn as follows: for any a, b ∈ G ∗Fn we put
dn(a, b) = min{K, d
′
n(a, b)}. 
We now define a certain distance on the set of all metrics on some
free group. It will be of great importance both in proving that GK
is universal and in proving that there is no metrically universal un-
bounded group. Recall the definition of |g|, where g is some element of
a free group, that was given in the paragraph following Definition 1.5.
Definition 1.11 (Distance between metrics). Let Fn be a free group
with n generators coming from the set {f1, . . . , fn}.
Let d and p be two bi-invariant metrics on Fn and let ε > 0 be a
positive real. We say that d and p are ε-close, dist(d, p) ≤ ε, if for
every g ∈ Fn we have
|d(g,1)−p(g,1)|
|g|
≤ ε.
We may then put dist(d, p) = inf{ε : dist(d, p) ≤ ε}.
Though not really important for our purposes, one can readily check
that dist is indeed a metric.
Lemma 1.12. Let p be a finitely generated metric on Fn, n ∈ N, and
let ε > 0. Then there exists a finitely generated rational metric d on
Fn such that dist(p, d) ≤ ε.
The same holds if the metrics in consideration are bounded by some
rational K.
Proof. Let A ⊆ Fn be a finite generating set for p. Recall that by
{f1, . . . , fn} we denote the set of free generators of Fn, and set L =
max{p(fi, 1) : i ≤ n}, l = min{p(a, b) : a 6= b, a, b ∈ A} and finally
K = L
l
. For every (a, b) ∈ A2 such that a 6= b, choose some rational
number d′(a, b) ∈ Q such that d′(a, b) ∈ [p(a, b), p(a, b) + ε/K].
Then for every a, b ∈ Fm we define
d(a, b) = min{d′(a1, b1) + . . .+ d
′(am, bm) : m ∈ N, ∀i ≤ m(ai, bi ∈ A),
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a = a1 · . . . · am, b = b1 · . . . · bm}.
This is a finitely generated rational metric. We show that it is ε-close
to p.
Clearly, p ≤ d so we must check that that for every a ∈ Fn we have
d(a,1)−p(a,1)
|a|
≤ ε. Suppose that p(a, 1) = p(a1, b1)+. . .+p(am, bm), where
for every i ≤ m we have ai, bi ∈ A and a = a1 · . . . · am, 1 = b1 · . . . · bm.
We claim that m ≤ K · |a|. Otherwise, write a as h1 · . . . · h|a|, where
for i ≤ |a| we have hi = f
ε
j , for some j ≤ n and ε ∈ {1,−1}, i.e. hi is a
free generator of Fn or its inverse. Then we would have that p(h1, 1)+
. . .+ p(h|a|, 1) ≤ L · |a| < L ·m/K = l ·m ≤ p(a1, b1) + . . .+ p(am, bm),
a contradiction.
Thus we get d(a, 1) ≤ d(a1, b1)+ . . .+d(am, bm) ≤ p(a, 1)+m ·ε/K ≤
p(a, 1) +K · |a| · ε/K = p(a, 1) + |a| · ε, and we are done.
The assertion about metrics that are bounded by K is then obvious.
Just take min{K, d}. 
From now on, instead of an arbitrary bound K we shall consider
solely 1-bounded metrics. We do that only for notational reasons to
get rid of one variable. The reader can easily modify everything so that
it works for any K > 0.
Definition 1.13. Let d be a bi-invariant 1-bounded metric on Fn gen-
erated by {f1, . . . , fn}. Let p be a finitely generated 1-bounded metric
on Fn generated by the values of d on WN ({f1, . . . , fn}), i.e. for any
a, b ∈ Fn we have
p(a, b) = min{1,min{d(a1, b1) + . . .+ d(am, bm) : m ∈ N,
a = a1 · . . . · am, b = b1 · . . . · bm, ∀i ≤ m(ai, bi ∈ WN({f1, . . . , fn})}}.
Then we say that p is an N -approximation of d. We have that for every
a, b ∈ WN({f1, . . . , fn}) p(a, b) = d(a, b).
Lemma 1.14. Let d be an arbitrary bi-invariant 1-bounded metric on
Fn, for some n, where we denote the free generators as {f1, . . . , fn}.
Let N0 ∈ N and ε > 0 be arbitrary. Then there exists N ≥ N0 such
that the N-approximation p of d is ε-close to d.
Proof. Let N = max{N0, ⌈
1
ε
⌉} and let p be the N -approximation of
d. Then we claim that p is ε-close to d. Let g ∈ Fn be arbitrary. If
|g| ≤ N , then d(g, 1) = p(g, 1), thus obviously |d(g,1)−p(g,1)|
|g|
≤ ε. If
|g| > N , then |d(g,1)−p(g,1)|
|g|
≤ 1
|g|
< 1
N
≤ ε, and we are done. 
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Fix a now a bi-invariant metric d on F∞ (with free generators de-
noted by (fn)n). We inductively define a sequence (ε
d
n)n∈N as fol-
lows. We set εd1 = min{1/2, 2d(f1, 1)} and for a general n, we set
εdn = min{1/2
n, 2d(fn, 1), ε
d
n−1}.
In the sequel, when the metric d is clear from the context we shall
write (εn)n instead of (ε
d
n)n.
Proposition 1.15. Take any natural numbers n ≤ m. Let p1 be a
finitely generated metric on Fn and let p2 be a finitely generated met-
ric on Fm such that p1 ≥ p2 ↾ Fn and p1 is δ-close to p2 ↾ Fn,
for some δ > 0. Then there exists a finitely generated metric p on
F ′n ∗ Fm, with free generators {f
′
1, . . . , f
′
n, f1, . . . , fn, . . . , fm}, such that
p ↾ F ′n
∼= p1 ↾ Fn, p ↾ Fm ∼= p2 ↾ Fm and for every i ≤ n we have
p(f ′i , fi) = δ.
Proof. Let {f ′1, . . . , f
′
n} denote the free generators of the free group of n
generators denoted here by F ′n. Let A
′ ⊆ F ′n be the finite generating set
for the metric p1. Similarly, let {f1, . . . , fm} denote the free generators
of the free group of m ≥ n generators denoted by Fm. Let A ⊆ Fm be
the finite generating set for the metric p2. Consider the free product
F ′n∗Fm. We shall define a finitely generated metric on F
′
n∗Fm with the
desired properties. Consider the above mentioned sets A′, A as subsets
of F ′n ∗ Fm. Note that A
′ ∩A = {1}. For x, y ∈ A′ ∪A set
p′(x, y) =


p1(x, y) if x, y ∈ A
′,
p2(x, y) if x, y ∈ A,
δ if x = (f ′j)
ε, y = (fj)
ε or x = (fj)
ε, y = (f ′j)
ε,
undefined otherwise.
Now let a, b ∈ F ′n ∗ Fm be arbitrary. We define
p(a, b) = min{1,min{p′(a1, b1) + . . .+ p
′(ak, bk) :
∀i ≤ k(p′(ai, bi) is defined), a = a1 · . . . · ak, b = b1 · . . . · bk}}.
This clearly defines a finitely generated metric (with A′ ∪ A as a
generating set). Note that for x, y ∈ A′ ∪ A such that p′(x, y) was
undefined we have
p(x, y) = min{p′(x, a) + p′(a, y) : (x, a), (a, y) ∈ dom(p′)}.
We need to check it satisfies the desired properties. It should be clear
that for every i ≤ n indeed p(f ′i , fi) = δ. We shall check that for every
a, b ∈ Fn ⊆ Fm ⊆ F
′
n ∗ Fm we have p(a, b) = p2(a, b) and similarly that
for every a, b ∈ F ′n ⊆ F
′
n ∗ Fm we have p(a, b) = p1(a, b).
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We shall use the following notation. For every element c ∈ F ′n,
by c¯ we shall denote the corresponding element from Fn ≤ Fm, i.e.
the image of c under the map defined by sending each f ′j to fj , for
every j ≤ n. Similarly, for every c ∈ Fn, by c
′ we shall denote the
corresponding element from F ′n, i.e. the image of c under the map
defined by sending fj to f
′
j , for every j ≤ n.
We are ready to prove the two assertions above.
The former is easier. Let a, b ∈ Fn be arbitrary. Suppose that
p(a, b) < p2(a, b). Then there exists sequences a1, . . . , ak and b1, . . . , bk
such that a = a1·. . .·ak, b = b1·. . .·bk and for every i ≤ k either (ai, bi) ∈
(A′)2 or (ai, bi) ∈ A
2, or ai = (f
′
j)
ε, bi = (fj)
ε or ai = (fj)
ε, bi = (f
′
j)
ε,
for some j ≤ n and ε ∈ {−1, 1}; moreover, we have p(a, b) = p′(a1, b1)+
. . .+ p′(ak, bk). However, replacing each (ai, bi) ∈ (A
′)2 by (a¯i, b¯i) ∈ A
2
and every pair ((fj)
ε, (f ′j)
ε) or ((f ′j)
ε, (fj)
ε), for some j ≤ n and ε ∈
{−1, 1}, by (f εj , f
ε
j ) we get new sequences c1, . . . , ck, d1, . . . , dk ∈ A such
that a = c1 · . . . · ck, b = d1 · . . . · dk. Then we have that
p(a, b) = p′(a1, b1) + . . .+ p
′(ak, bk) ≥
p′(c1, d1) + . . .+ p
′(ck, dk) = p2(c1, d1) + . . .+ p2(ck, dk) ≥ p2(a, b)
and that is a contradiction.
We now prove the latter. Since the metrics are bi-invariant it suffices
to check that for every a ∈ F ′n we have p1(a, 1) = p(a, 1). Suppose for
contradiction that for some a ∈ F ′n we have p(a, 1) < p1(a, 1). So let
a1, . . . , ak and b1, . . . , bk be such that a = a1 · . . . ·ak, 1 = b1 · . . . · bk and
for every i ≤ k either (ai, bi) ∈ (A
′)2 or (ai, bi) ∈ A
2, or ai = (f
′
j)
ε, bi =
(fj)
ε or ai = (fj)
ε, bi = (f
′
j)
ε, for some j ≤ n and ε ∈ {−1, 1}. We shall
show that p′(a1, b1) + . . .+ p
′(ak, bk) ≥ p1(a, 1).
Consider a new pair of sequences c1, . . . , ck, d1, . . . , dk where for any
i ≤ k
• ci = ai and di = bi if (ai, bi) ∈ (A
′)2 ∪ A2,
• ci = a¯i and di = bi if ai = (f
′
j)
ε, bi = (fj)
ε, for some j ≤ n and
ε ∈ {−1, 1},
• ci = ai and di = b¯i if ai = (fj)
ε, bi = (f
′
j)
ε, for some j ≤ n and
ε ∈ {−1, 1}.
Let K be the cardinality of the set {i ≤ k : ci = a¯i or di = b¯i}.
Let c = c1 · . . . · ck. Then c can be written as h1 · h2 · . . . · hl where
for i odd we have hi ∈ F
′
n and for i even we have hi ∈ Fn. This
decomposition does not need to be unique since 1 belongs to both F ′n
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and Fm. This is fixed as follows: if, for some i ≤ k, we have ci = 1,
then ci is treated as an element of F
′
n if and only if di ∈ F
′
n.
Correspondingly, we can then write 1 = g1 · . . . · gl, where for each
i ≤ l, if hi = ci1 · . . . · cij , then gi = di1 · . . . · dij and for i odd we have
gi ∈ F
′
n and for i even we have gi ∈ Fn.
Since p(a, 1) = p′(a1, b1) + . . . + p
′(ak, bk) and using Fact 1.2 and
the fact that p((f ′j)
ε, (fj)
ε) = p((fj)
ε, (f ′j)
ε) = δ, we have (assuming
without loss of generality that l is even) that
(1.3) p(a, 1) ≥ p1(h1, g1) + p2(h2, g2) + . . .+
p1(hl−1, gl−1) + p2(hl, gl) +K · δ.
On the other hand, since for every i odd we have p2(h¯i, g¯i) ≥ p1(hi, gi)−
|hi| · δ and |h2|+ |h4|+ . . .+ |hl| = |a| −K, we get
(1.4) p1(h1, g1) + . . .+ p2(hl, gl) ≥ p2(h¯1, g¯1) + . . .+
p2(hl, gl) + (|a| −K)δ ≥ p(a¯, 1) + (|a| −K)δ.
Thus it follows from (1.3) and (1.4) that
p(a, 1) ≥ p(a¯, 1) + |a|δ = p2(a¯, 1) + |a|δ ≥ p1(a, 1),
and that is a contradiction. 
1.3. The embedding construction. Let d be an arbitrary bi-invariant
1-bounded metric on F∞. We consider the sequence (εn)n as in the pre-
vious proposition. By (gn)n we denote the free generators of F∞.
Using Lemma 1.14 and Lemma 1.12 we can find a rational finitely
generated metric ρ1 on F1 (∼= Z) that is ε1-close to d ↾ F1. By Fact
1.8 we can get the isometrically isomorphic copy denoted by F 11 in G
with a generator denoted by f 11 ∈ G. Then, using Lemmas 1.14 and
1.12 again, we can find a rational finitely generated metric p2 on F2
that is ε2-close to d ↾ F2. In particular, p2 ↾ F1 is ε2-close to d ↾ F1.
Moreover, we may suppose that ρ1 ≥ p2 ↾ F1. Using Proposition 1.15
we can obtain a rational finitely generated metric ρ2 on F
1
1 ∗ F2 such
that
• ρ2 ↾ F
1
1
∼= ρ1 ↾ F1,
• ρ2 ↾ F2 ∼= p2 ↾ F2,
• ρ2(f
1
1 , g1) = ε1.
Then we can use the extension property from Fact 1.8 to extend F 11 ≤ G
to F 11 ∗ F
2
2 that is isometrically isomorphic to F
1
1 ∗ F2, where the gen-
erators of F 22 are denoted by f
2
1 , f
2
2 .
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Suppose we have produced F n−1n−1 ∗ F
n
n ≤ G, with generators denoted
by fn−11 , . . . , f
n−1
n−1 , f
n
1 , . . . , f
n
n , such that dG ↾ F
n−1
n−1 is εn−1-close to d ↾
Fn−1, dG ↾ F
n
n is εn-close to d ↾ Fn and for every i ≤ n − 1 we have
dG(f
n−1
i , f
n
i ) = εn−1.
Then as above, using Lemmas 1.14 and 1.12 again, we can find a
rational finitely generated metric pn+1 on Fn+1 that is εn+1-close to
d ↾ Fn+1. In particular, pn+1 ↾ Fn is εn+1-close to d ↾ Fn. Moreover,
we may suppose that pn ≥ pn+1 ↾ Fn. Using Proposition 1.15 we can
obtain a rational finitely generated metric ρn+1 on F
n
n ∗Fn+1 such that
• ρn+1 ↾ F
n
n
∼= pn ↾ Fn,
• ρn+1 ↾ Fn+1 ∼= pn+1 ↾ Fn+1,
• ρn+1(f
n
i , gi) = εn for every i ≤ n.
Then we can use the extension property from Fact 1.8 to extend F nn ≤ G
to F nn ∗ F
n+1
n+1 that is isometrically isomorphic to F
1
1 ∗ Fn+1, where the
generators of F n+1n+1 are denoted by f
n+1
1 , f
n+1
n+1 .
When the induction construction is finished, we have obtained count-
ably many Cauchy sequences (fn1 )n, (f
n
2 )n, . . .. Indeed, since for every
n, εn ≤ 1/2
n, we have
∑
n εn <∞.
Since G ⊇ G, let us denote fi ∈ G the limit of the sequence (f
n
i )n, for
every i ∈ N. We claim that the subgroup of G generated by {fi : i ∈ N}
is isometrically isomorphic to (F∞, d). We claim that the isometric
isomorphism is the uniquely defined map φ which sends each gi ∈ F∞
to fi ∈ G. Let a ∈ F∞ be arbitrary and let g
δ1
a(1) . . . g
δm
a(m) ∈ W ({gi :
i ∈ N}) be the unique irreducible word corresponding to a, where m is
the length of a, i.e. for every i ≤ m, δi ∈ {1,−1} and a(i) ∈ N. Then
φ(a) = f δ1a(1) · . . . · f
δm
a(m). It follows that we have
|dG(φ(a), 1)− d(a, 1)| = lim
n→∞
|dG((f
n
a(1))
δ1 · . . . · (fna(m))
δm , 1)− d(a, 1)| ≤
lim
n→∞
m/2n = 0
and we are done.
1.4. Group structure on the Urysohn sphere. In [5], answering
Vershik’s question, we proved that there is a non-abelian group struc-
ture on the Urysohn space. It turns out that here we have the following.
Theorem 1.16. G1 is isometric to the Urysohn sphere.
Recall that the Urysohn sphere U1 is the sphere of diameter 1 around
any point of the Urysohn space, i.e. if x ∈ U is some point in the
Urysohn space then U1 = {y : dU(x, y) = 1/2}. It is characterized as
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the unique complete separable ultrahomogeneous metric space of di-
ameter 1. As with the Urysohn space one can at first construct the
rational Urysohn sphere QU1, the unique countable rational ultraho-
mogeneous metric space of diameter 1, and then take the completion.
We will prove that G1 is isometric to QU1. It will follow that G is
isometric to U1.
We shall use another well-known characterization of QU1. Recall
that a Kateˇtov map f : X → R+ on some metric space X is a function
satisfying for all x, y ∈ X |f(x)− f(y)| ≤ dX(x, y) ≤ f(x) + f(y). The
natural interpretation is that f prescribes distances from some new
point to points of X .
Fact 1.17 (follows from Fact 1.4 ). Let X be a countable rational metric
space of diameter 1. Then X is isometric to QU1 iff for every Kateˇtov
map f : A→ Q+∩[0, 1], where A is a finite subset of X, there is a point
xf ∈ X that realizes f , i.e. for every a ∈ A we have f(a) = d(xf , a).
Proof of Theorem 1.16. We use the characterization from Fact 1.17.
Let A ⊆ G1 be finite and let f : A→ Q
+∩ [0, 1] be some Kateˇtov map.
Then there exists finitely generated free group with finitely generated
rational metric F , i.e. F ∈ G1, such that A ⊆ F ≤ G1. We now use
a variant of Theorem 1.10 that we also proved in [5], namely Theorem
2.1 (2) there. It says that we may realize f in F ∗ Z by the generator
of the new copy of the integers so that the extended metric on F ∗Z is
still rational and finitely generated, i.e. F ∗ Z ∈ G. However, then by
Fact 1.8 (2) we may suppose that this extension of F to F ∗Z actually
exists in G1 and thus the generator of this new copy of the integers,
denoted by xf , belongs to G1 and we are done by Fact 1.17. 
1.5. Almost-universal disposition and genericity. The goal of
this section is to describe the almost-universal disposition property of
G1 (or GK for any other constant K > 0 of course) that characterizes
it up to isometric isomorphism. From that characterization, we will
be able to prove that from the view of Baire category, G1 is a generic
element.
We shall work just with G1 which we will simply denote by G, and
by G we will denote its canonical countable dense subgroup.
Our first goal is to formulate the almost-universal disposition prop-
erty of G that also gives a characterization of G up to isometric iso-
morphism. We need to introduce one more notion which was already
implicitly used in Proposition 1.15.
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Definition 1.18. Let H be a group with bi-invariant metric dH . Let
Hn and H
′
n both be subgroups of H algebraically isomorphic to the free
group of n generators, for some n ≥ 1, with free generators h1, . . . , hn,
resp. h′1, . . . , h
′
n. Then we write int distH(Hn, H
′
n) ≤ ε if for every i ≤ n
we have dH(hi, h
′
i) ≤ ε.
Note that then for every irreducible word w over the alphabet of
2n elements (for the generators and their inverses), if we denote the
realization of w in Hn by v and in H
′
n by v
′, then we have dH(v, v
′) ≤
ε · |w| by bi-invariance of dH.
Notice also that the definition formally depends on the enumera-
tion of the free generators in both groups. However, in the following
theorem where this notion will be used the enumeration of genera-
tors will be always clear from the context; alternatively, the expres-
sion int distH(Hn, H
′
n) ≤ ε may be read that there exist free gener-
ators h1, . . . , hn, resp. h
′
1, . . . , h
′
n such that for every i ≤ n we have
dH(hi, h
′
i) ≤ ε. Also, we shall usually write int dist instead of int distH
if H is clear from the context.
The next theorem finally states the almost-universal disposition prop-
erty that characterizes G, and so puts G in line with objects such as
the Urysohn space, the Gurarij space, etc. It will be also crucial later
when proving that G is generic. The proof uses similar methods as the
embedding construction of arbitrary free group with bi-invariant met-
ric into G, and is also similar to the proof of uniqueness of the Gurarij
space from [17].
Theorem 1.19. Let H be a Polish metric group with bi-invariant met-
ric dH bounded by 1. Then H is isometrically isomorphic to G if and
only if:
(1) free group of countably many generators, denoted by H, is dense
in H,
(2) for every ε > ε′ > 0, for every 0 ≤ m < n and (Fn, ρ), where ρ
is a bi-invariant metric bounded by 1, and for every monomor-
phism ι : Fm → H such that dist((Fm, ρ ↾ Fm), (ι[Fm], dH ↾
ι[Fm])) < ε, there exists a monomorphism ι¯ : Fn → H ⊆ H
such that int dist(ι¯(Fm), ι[Fm]) < ε and dist((Fn, ρ), (ι¯[Fn], dH ↾
ι¯[Fn])) < ε
′.
Proof. Let us first show that G satisfies the conditions of Theorem 1.19.
Obviously, the first condition is satisfied, so let us focus on the latter.
Let ε > ε′ > 0, 0 ≤ m < n, (Fn, ρ), and a monomorphism ι : Fm → G
as in the condition (2) be given. Let ε > δ = dist((Fm, ρ ↾ Fm), ι[Fm]).
Since the free generators of G are dense in G there exists G′m ≤ G such
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that G′m ∈ G and int dist(ι[Fm], G
′
m) < (ε− δ)/2. By bi-invariance, we
also get that dist(ι[Fm], G
′
m) < (ε−δ)/2 and thus by triangle inequality
that dist((Fm, ρ ↾ Fm), G
′
m) < (ε + δ)/2. Then we use Lemmas 1.14
and 1.12 to get a group Gn ∈ G algebraically isomorphic to Fn such
that dist(Gn, (Fn, ρ)) < ε
′. Finally, using Proposition 1.15 and Fact 1.8
we can embed Gn into G via some isometric monomorphism ι¯ so that
int dist(ι¯[Gm], G
′
m) < (ε + δ)/2, where Gm is the subgroup of Gn gen-
erated by the ‘first m’ free generators, and thus by triangle inequality
int dist(ι¯[Gm], ι[Fm]) < ε. This finishes the proof of one direction.
Now we must show conversely that any H which is a Polish metric
group with bi-invariant metric dH bounded by 1 satisfying the condi-
tions (1) and (2) is isometrically isomorphic to G. Note that in G in
fact the set of all free generators (gn)n of G, the countable dense free
subgroup, is dense. The same is true for H. Indeed, denote by (hn)n
the set of free generators of H . Since H is dense in H, it suffices to
show that (hn)n is dense in H . Take some h ∈ H and ε > 0. Clearly,
h generates an infinite cyclic group Fh, i.e. a free group of one free
generator h. By (2), there is an embedding ι¯ : Z → H such that
int dist(ι¯[Z], Fh) < ε, i.e. dH(h, ι¯(1Z)) < ε and ι¯(1Z) is a free generator
of H .
Now by induction we shall construct sequences of finitely generated
free subgroups (Gn)n and (Hn)n of G, resp. H, of monomorphisms
φn : Gn → Hn, ψn : Hn → Gn+1, so that the following conditions are
satisfied:
(a) G0 = {1G}, H0 = {1H},
(b) for φn : Gn → Hn we have that (if n > 0) dist(Gn, φn[Gn]) < 1/2
n
and int dist(φn−1[Gn−1], φn[Gn−1]) < 1/2
n−1,
(c) for ψn : Hn → Gn+1 we have that (if n > 0) dist(Hn, ψn[Hn]) <
1/2n and int dist(ψn−1[Hn−1], ψn[Hn−1]) < 1/2
n−1,
(d) for any n and for any x ∈ Gn and any y ∈ Hn we have dG(x, ψn ◦
φn(x)) < |x|/2
n and dH(y, φn+1 ◦ ψn(y)) < |y|/2
n,
(e) Gn ⊆ Gn+1 and Hn ⊆ Hn+1 for all n, and
⋃
nGn = G and⋃
nHn = H .
We set φ0 and ψ0 to be the trivial maps, i.e. sending the unit to the
unit, and G1 to be the free group generated by g1.
Suppose now that φn−1, ψn−1, Gn, Hn−1 have been constructed. We
use condition (2) for H with ε = 1/2n−1, ε′ = 1/2n, (Gn, dG ↾ Gn)
instead of (Fn, ρ), ψn−1[Hn−1] instead of Fm and ψ
−1
n−1 instead of ι.
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By φn we denote the corresponding monomorphism going from Gn to
H (denoted by ι¯ in (2)). Finally, we let Hn be the finitely generated
free group generated by φn[Gn], Hn−1 and the free generator hn ∈ H .
Note that Hn is a finitely generated free subgroup of H , Hn−1 ⊆ Hn
and φn : Gn → Hn. Similarly, using condition (2) for for G with
ε = 1/2n−1, ε′ = 1/2n, (Hn, dH ↾ Hn) instead of (Fn, ρ), φn[Gn] instead
of Fm and φ
−1
n instead of ι, we obtain ψn going from Hn to G. Then
we let Gn+1 be the finitely generated free group generated by ψn[Hn],
Gn and the free generator gn ∈ G.
We check that this is as desired. Items (b), (c) follow immediately
from the condition (2). We check (d). We shall do it for an arbi-
trary n and for y ∈ Hn such that |y| = 1, i.e. y is a generator.
Generalization for y ∈ Hn such that |y| > 1 is immediate from bi-
invariance from the metric. The case for x ∈ Gn is analogous. Thus
fix n > 0 and y ∈ Hn such that |y| = 1. Looking back how we con-
structed φn+1 we see that we have int dist(ψ
−1
n [ψn[Hn]], φn+1[ψn[Hn]]) =
int dist(Hn, φn+1 ◦ψn[Hn]) < 1/2
n, which however precisely means that
for any generator h ∈ Hn we have dH(h, φn+1◦ψn(h)) < 1/2
n; in partic-
ular for y. Finally, (e) follows from the fact that Gn, resp. Hn, contains
gn, resp. hn, and (gn)n, resp. (hn)n, are the free generators of G, resp.
H .
We are now ready to construct the isometric isomorphism, denoted
by Φ, between G and H. It suffices to define Φ on the dense subgroup
G. Take any g ∈ G. It follows from (b), more precisely from the fact
that for any n, int dist(φn−1[Gn−1], φn[Gn−1]) < 1/2
n−1, that for any
n ≥ n0, where n0 is such that (the least) g ∈ Gn0, we have
d(φn(g), φn+1(g)) < |g|/2
n
(again observe that for any generator w we have d(φn(w), φn+1(w)) <
1/2n by definition of int dist, thus if g = w1 ·. . .·w|g| for some generators
or their inverses w1, . . . , w|g|, then
d(φn(g), φn+1(g)) ≤ d(φn(w1), φn+1(w1))+. . .+d(φn(w|g|), φn+1(w|g|)) <
|g|/2n). In particular, we have that the sequence (φn(g))n≥n0 is Cauchy.
We define Φ(g) to be its limit.
First of all, it is clear that Φ is a homomorphism since it is a limit
of monomorphism, thus it preserves the group operations. Next, it is
an isometry since by (b) we have dist(Gn, φn[Gn]) < 1/2
n, thus for any
g ∈ G we have that dG(g, 1) = limn dH(φn(g), 1). Finally, we must check
that it is onto, resp. Φ[G] is dense. To see it, we define Ψ : H → G
analogously as Φ. For any h ∈ H we define Ψ(h) to be limn ψn(h). We
again have that Ψ : H → G is an isometric monomorphism. We need
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to check that Ψ ◦ Φ = idG, resp. Φ ◦ Ψ = idH. Let us do the former,
the latter is analogous. Again, it suffices to check it on any g ∈ G. So
fix g ∈ G and we check that Ψ ◦ Φ(g) = g. We have that
Ψ(Φ(g)) = lim
m
Ψ(φm(g)) = lim
m
lim
n
ψn(φm(g)).
For m = n we have by (d) that d(g, ψm(φm(g))) < |g|/2
m. By (c), resp.
by int dist(ψn−1[Hn−1], ψn[Hn−1]) < 1/2
n−1, we have that
d(ψm(φm(g)), limn ψn(φm(g))) < |g|/2
m−1. By triangle inequality, we
thus have
d(g, lim
n
ψn(φm(g))) < |g|/2
m−2.
Taking the limit along m we get that
d(g, lim
m
lim
n
ψn(φm(g))) = d(g,Ψ ◦ Φ(g)) = 0
which is what we were supposed to show. This finishes the proof. 
Theorem 1.20. G is generic. More precisely, the set of all bi-invariant
metrics (bounded by 1) whose completion gives G is co-meager in the set
of all bi-invariant metrics (bounded by 1) on the free group of countably
many generators.
Proof. Let D ⊆ [0, 1](F∞)
2
be the space of all bi-invariant metrics
bounded by 1 on F∞. Easy computation shows that D is a Gδ subset
of [0, 1](F∞)
2
, thus it is a Polish space. We show that DG = {ρ ∈ D :
(F∞, ρ) = G} is dense Gδ.
Let us first show that DG is dense. So let d ∈ D be an arbitrary
bi-invariant metric on F∞ bounded by 1, A ⊆ (F∞)
2 a finite sub-
set and δ > 0 some positive real number. We have to show that
there exists ρd ∈ DG such that for every (a1, a2) ∈ A we have that
|d(a1, a2)− ρd(a1, a2)| < δ. By bi-invariance, we may suppose that for
every (a1, a2) ∈ A we have that a2 = 1. However, we just use property
(2) of G from Theorem 1.19. Let m be big enough so that A is a subset
of Fm ≤ F∞. Let n = max{|a| : (a, 1) ∈ A}. Then by (2) we can find
a subgroup Gm ≤ G ≤ G algebraically isomorphic to Fm such that
dist((Fm, ρ ↾ Fm), (Gm, dG)) < δ/n. Let φ : Fm → Gm denote this
algebraic isomorphism. Then we have that for every f ∈ Fm we have
that |ρ(f, 1)−d(φ(f), 1)| < δ/n · |f |. In particular for every a such that
(a, 1) ∈ A we have
|ρ(a, 1)− d(φ(a), 1)| < δ/n · |a| ≤ δ.
Since G is isomorphic to F∞, we may thus without loss of generality
assume that φ is the identity and then we are done.
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It remains to check that DG is a Gδ subset of D. Again by Theorem
1.19 (2), it suffices to check that the subset of all those metrics ρ from
D satisfying
∀ε > ε′ > 0 ∀0 ≤ m < n ∀(Fn, p) and any monomorphism ι : Fm → F∞
such that dist((Fm, p), (ι[Fm], ρ)) < ε ∃ monomorphism ι¯ : Fn → F∞
such that int dist(ι[Fm], ι¯[Fm]) < ε and dist((Fn, p), (ι¯[Fn], ρ)) < ε
′
is Gδ. That is not difficult to check. First of all, observe that all the
universal quantifiers in the above statement can be assume to quantify
just over countable sets. It is clear for those quantifying over reals.
Because of Lemmas 1.12 and 1.14, the quantifier over finitely generated
free group with bi-invariant metric bounded by 1 can be taken just over
finitely generated free groups with finitely generated rational metric
bounded by 1, and there are of course only countably many of them.
Finally, every monomorphism of Fn into F∞ is determined on the set of
generators, thus we also have only countably many of them. It follows
that it suffices to check that for fixed ε > ε′ > 0, 0 ≤ m < n, (Fn, p)
and monomorphisms ι : Fm → F∞ and ι¯ : Fn → F∞ we have that
int dist(ι[Fm], ι¯[Fm]) < ε and dist((Fn, p), (ι¯[Fn], ρ)) < ε
′ is an open set
of metrics ρ. It is clear for int dist(ι[Fm], ι¯[Fm]) < ε since that is a
condition verified just on generators, thus on a finite sets. However,
the second condition dist((Fn, p), (ι¯[Fn], ρ)) < ε
′ can also be checked
only on a finite set. That follows from Lemma 1.14 which says that for
every (Fn, p) there is some N such that if some ρ is close enough to p
on the finite set {f ∈ Fm : |f | ≤ N}, then dist((Fn, p), (Fn, ρ)) < ε
′.
This finishes the proof. 
2. Non-universality
In this section we prove that there is no metrically universal separable
group equipped with a bi-invariant metric. This is in contrast with our
result in [4] for abelian metric groups.
Let us state the theorem.
Theorem 2.1. For every separable metric group (G, dG), where dG
is bi-invariant, there exists a locally compact separable metric group
(H, dH), where dH is bi-invariant, such that H is not isometrically
isomorphic to any subgroup of G. Thus there is no metrically universal
separable group with bi-invariant metric and no metrically universal
locally compact separable group with bi-invariant metric.
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Let us again start with some rough explanation of the ideas. We were
able to show that bounded metrics are well-approximated by finitely
generated metrics. This is no longer true for unbounded metrics which
turns out to be the main reason for non-existence of a universal un-
bounded bi-invariant metric group. There are only countably many
rational finitely generated bi-invariant metrics, however the density of
the metric space of bi-invariant metrics on, say, F3 is uncountable.
Recall Definition 1.11 of distances between metrics. The key tool in
proving Theorem 2.1 is the following.
Proposition 2.2. There exists continuum-many discrete bi-invariant
metrics on F3, the free group of three generators, such that for some
fixed constant K > 0 each two of them are of distance greater than K.
Suppose the proposition has been proved. We show how to finish
the proof of Theorem 2.1. First we need the following claim.
Claim 2.3. Let d0 and d1 be two bi-invariant metrics on F3, where
we denote the generators by a, b and c, such that dist(d0, d1) ≥ K,
where K > 0. Suppose we have isometric embeddings ι0 : (F3, d0) →֒
(G, dG) and ι1 : (F3, d1) →֒ (G, dG), where G is some group with bi-
invariant metric dG. Then we have dG(ι0(a), ι1(a)) + dG(ι0(b), ι1(b)) +
dG(ι0(c), ι1(c)) ≥ K.
Proof of the claim. Suppose for contradiction that dG(ι0(a), ι1(a)) +
dG(ι0(b), ι1(b)) + dG(ι0(c), ι1(c)) < K. Since dist(d0, d1) ≥ K there
exists a word w ∈ W ({a, b, c}) such that |d0(w,1)−d1(w,1)|
|w|
≥ K. We have
dG(ι0(w), ι1(w)) < |w| ·K. That follows from the assumption on dis-
tances between ι0(x) and ι1(x), for x ∈ {a, b, c}, and bi-invariance of
dG. Then by triangle inequality we get
|dG(ι0(w), 1)− dG(ι1(w), 1)| ≤ dG(ι0(w), ι1(w)) < |w| ·K,
which is a contradiction. 
Now let (dα)α<c be the collection of continuum-many discrete bi-
invariant metrics that we got from Proposition 2.2. Denote again the
generators of F3 by a, b and c. Suppose that there exists a universal
separable group G with bi-invariant metric d. Then for each α < c
there exists an isometric embedding ια : (F3, dα) →֒ (G, d). Applying
Claim 2.3 we get that for any α 6= β < c we have d(ια(a), ιβ(a)) +
d(ια(b), ιβ(b)) + d(ια(c), ιβ(c)) ≥ K. However, this is not possible since
G is separable. Since the metrics (dα)α<c are discrete, the same ar-
gument works for G locally compact. This contradiction finishes the
proof of Theorem 2.1, so it remains to prove Proposition 2.2.
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For this, we need to generalize the notion of finitely generated metric.
Whenever G is a group and d′ : G2 → R is a partial bi-invariant metric
on a subset A ⊆ G2 then we may take the greatest (partial) bi-invariant
metric that extends d′. That is the content of the next definition.
Definition 2.4. Let G be a group and A ⊆ G an arbitrary symmetric
subset containing 1 that algebraically generates G. We say that a
function d′ : A2 → R is a partial bi-invariant metric if
• d′(a, a) = 0 for every a ∈ A,
• d′(a, b) = d′(b, a) = d′(a−1, b−1) for every a, b ∈ A,
• for every a, b ∈ A and every a1, b1, . . . , an, bn ∈ A such that
a = a1 · . . . · an, b = b1 · . . . · bn we have d
′(a, b) ≤ d′(a1, b1) +
. . .+ d′(an, bn).
Then we may always extend d′ to the bi-invariant metric on the
whole G as follows. For every pair (a, b) ∈ G2 we set
d(a, b) = inf{d′(a1, b1) + . . .+ d
′(an, bn) :
(a1, b1), . . . , (an, bn) ∈ A, a = a1 · . . . · an, b = b1 · . . . · bn}.
This is the greatest bi-invariant metric extending d′.
Proof of Proposition 2.2. Let us denote the three generators of F3 by
a, b and c. Let A ⊆ F3 be a symmetrization of the following subset:
{1, a, b, c}∪ {an · bn · cn : n ∈ {2k : k ∈ N}}. For every x ∈ 2N we define
a partial bi-invariant metric d′x : A → R. Then by dx we shall denote
the extension from Definition 2.4 on the whole F3. We shall guarantee
that the distance between d′x and d
′
y, for any x 6= y ∈ 2
N, is greater
than 1/6. Then also the distance between the extensions dx and dy, for
any x 6= y ∈ 2N, will be greater than 1/6, and we will be done.
Let x ∈ 2N be arbitrary. We define d′x : A→ R as follows:
• d′x(v
ε, 1) = 1 for every v ∈ {a, b, c} and ε ∈ {1,−1},
• d′x((a
n · bn · cn)ε, 1) =
{
2n if x(k) = 0
3n− n/2 if x(k) = 1
where k ∈ N, n = 2k and ε ∈ {1,−1},
• for u 6= v ∈ A \ {1} we define d′x(u, v) = d
′
x(u, 1) + d
′
x(v, 1).
On the remaining pairs from A the definition of d′x is clear from the
requirements that it is 0 on the diagonal and symmetric.
Suppose for a moment that we have already checked that d′x is in-
deed a partial bi-invariant metric for every x ∈ 2N. We show that for
x 6= y ∈ 2N, dist(d′x, d
′
y) ≥ 1/6. Let x 6= y ∈ 2
N be given. Let k ∈ N be
such that x(k) 6= y(k), say x(k) = 0, y(k) = 1. Then, for n = 2k, we
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have that d′x(a
n ·bn ·cn, 1) = 2n, while d′y(a
n ·bn ·cn, 1) = 3n−n/2. Since
|an · bn · cn| = 3n we have dist(d′x, d
′
y) ≥
|2n−3n+n/2|
3n
= 1/6. Thus it re-
mains to verify that for every x ∈ 2N, d′x is a partial bi-invariant metric
and the extension dx is a discrete metric. However, the latter will follow
easily as inf{dx(v, w) : v 6= w ∈ F3} = min{d
′
x(v, w) : v 6= w ∈ A} > 0.
Let x ∈ 2N be given and from now on fixed. It is sufficient to check
that for any n ∈ {2k : k ∈ N} we have
min{d′x(u1, v1) + . . .+ d
′
x(um, vm) : u1, v1, . . . , um, vm ∈ A,
∀i ≤ m(ui 6= a
n · bn · cn ∧ vi 6= a
n · bn · cn), u1 · . . . · um = a
n · bn · cn,
v1 · . . . · vm = 1} ≥ 3n− n/2.
In other words, there is nothing that forces the distance d′x(a
n ·bn ·cn, 1)
to be ‘small’; so no matter what the values {x(k′) : k′ < logn2} are we
can always consistently put d′x(a
n · bn · cn, 1) to be 3n− n/2.
From now on such n ∈ {2k : k ∈ N} is fixed. Note that we can
suppose that for no i ≤ m, ui or vi from the decomposition above are
equal to (an
′
· bn
′
· cn
′
)ε, where n′ ∈ {2k : k ∈ N} and n′ > n and
ε ∈ {−1, 1}. This follows from the fact that d′x(a
n′ · bn
′
· cn
′
, 1) ≥ 2n′ >
3n − n/2. Let dx↾n be a finitely generated metric generated by the
values of d′x on the symmetrization of the set {1, a, b, c} ∪ {a
i · bi · ci :
i ∈ {2k : k ∈ N} ∧ i < n} which we shall denote by An. It follows from
the discussion above that it suffices to check that dx↾n(a
n · bn · cn, 1) ≥
3n− n/2.
In order to prove it, we use Lemma 1.3 and a result of Ding and Gao
from [3] on computing the Graev metric. We refer the reader to Section
3 from [3] or Section 2.6 from the book [9] for more details on techniques
used below or for any unexplained (not sufficiently explained) notion.
We briefly recall that for a pointed metric space (X, 1, dX) there
is a metric δ on the free group F (X), called the Graev metric, with
generators from the metric space X with the distinguished point 1
as unit, which is bi-invariant and extends dX . A match (on a set
{1, . . . , k}) is a function θ : {1, . . . , k} → {1, . . . , k} satisfying θ◦θ = id
and for no 1 ≤ i < j ≤ k we have i < j < θ(i) < θ(j). The following
result of Ding and Gao connects matches with trivial words. We recall
that a word w1 . . . wi over some alphabet X ∪X
−1 ∪ {1}, where X is
some set, is called trivial if the corresponding group element w′ in the
free group F (X) is 1.
Lemma 2.5 (Ding, Gao (Lemma 3.5 in [3])). For any trivial word w =
w1 . . . wi over some alphabet there is a match θ : {1, . . . , i} → {1, . . . , i}
such that for every j ≤ i we have wθ(j) = w
−1
j .
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For a word w = w1 . . . wk over an alphabet X ∪X
−1 ∪ {1} by wθ we
denote the word wθ1 . . . w
θ
k, where w
θ
i =


wi if θ(i) < i
w−1θ(i) if θ(i) > i
1 if θ(i) = i
We now state the Ding-Gao’s result. By ρ in the statement we denote
the extension of dX from X ∪ {1} to X ∪X
−1 ∪ {1} which satisfies
• for any x, y ∈ X we have ρ(x−1, y−1) = ρ(x, y) = dX(x, y),
• for any x, y ∈ X we have ρ(x, y−1) = ρ(y−1, x) = dX(x, 1) +
dX(1, y),
Theorem 2.6 (Ding, Gao [3]). Let (X, 1, dX) be a pointed metric space
and δ the corresponding Graev metric on the free group F (X). Then
for any irreducible word w = w1 . . . wi ∈ W (X) we have
δ(w, 1) = min{ρ(w1, w
θ
1) + . . .+ ρ(wi, w
θ
i ) : θ is a match}.
Alternatively, one can say that there exists a trivial word, namely wθ
for some match θ : {1, . . . , i} → {1, . . . , i}, such that
δ(w, 1) = ρ(w1, w
θ
1) + . . .+ ρ(wi, w
θ
i ).
Remark 2.7. We note (as we were informed by the referee) that the
formula for computing the Graev metric was first obtained by Uspenskij
in [33] and was already implicitly present in [29].
Using Lemma 1.3, we realize that (F3, dx↾n) is the quotient of the free
group F (A′n) over the set A
′
n = {1} ∪ {a, b, c} ∪ {a
n′bn
′
cn
′
: n′ ∈ {2k :
k ∈ N}, n′ < n}, with the Graev metric δ, by the subgroup N taken
with the factor metric. N is the kernel of the map p : F (A′n) → F3,
determined by the identity map from A′n ⊆ F (A
′
n) to A
′
n ⊆ F3, in which
a · . . . · b · . . . · c is identified with an
′
bn
′
cn
′
for all appropriate n′. Note
that the Graev metric δ here is the finitely generated metric generated
by the values of d′x↾n on An, where d
′
x↾n is the restriction of d
′
x to An.
We remark that similar (though less general) quotients in the category
of Banach spaces are considered in [1], Theorem 2.4, where a Lipschitz-
free Banach space over a metric space having a partial linear structure
is quotiented by a subspace ‘generated by that linear structure’.
Then combining that with Theorem 2.6 we get that there exists
an irreducible word w¯ = w¯1 . . . w¯j over the alphabet An = {a, b, c} ∪
{an
′
bn
′
cn
′
: n′ ∈ {2k : k ∈ N}, n′ < n} ∪ {a, b, c}−1 ∪ {an
′
bn
′
cn
′
: n′ ∈
{2k : k ∈ N}, n′ < n}−1 and a trivial word v¯ = v¯1 . . . v¯j over the same
alphabet such that w¯′ = an · bn · cn, where by w¯′ we denote the group
element corresponding to the word w¯ in the quotient F (A′n)/N = F3 =
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F ({a, b, c}), and we have
(2.1) dx↾n(a
n · bn · cn, 1) = d′x↾n(w¯1, v¯1) + . . .+ d
′
x↾n(w¯j, v¯j).
We shall work with certain modifications of words w¯ and v¯, denoted
by w = w1 . . . wi and v = v1 . . . vi, such that for each j ≤ i we have
that the pair (wj , vj) is one of the following:
(1) (xε, xε), where x ∈ {a, b, c} and ε ∈ {1,−1},
(2) (xε, 1) or (1, xε), where x ∈ {a, b, c} and ε ∈ {1,−1},
(3) ((an
′
bn
′
cn
′
)ε, 1), where n′ = 2k for some k, n′ < n and ε ∈
{1,−1}.
and moreover, the sum d′x↾n(w1, v1) + . . . + d
′
x↾n(wi, vi) is equal to the
sum d′x↾n(w¯1, v¯1) + . . .+ d
′
x↾n(w¯j , v¯j).
The words w and v are obtained from w¯, resp. v¯ as follows: Each pair
(x, y), where x 6= y ∈ An, is replaced by two pairs (x, 1) and (1, y) with-
out changing the sum (2.1). The pair ((an
′
bn
′
cn
′
)ε, (an
′
bn
′
cn
′
)ε), where
n′ = 2k for some k, n′ < n and ε ∈ (1,−1), is replaced by 3n′ pairs
(a, a), . . . , (b, b), . . . , (c, c), resp. (c−1, c−1), . . . , (b−1, b−1), . . . , (a−1, a−1)
again without changing the sum (2.1). The pair (1, (an
′
bn
′
cn
′
)ε), where
n′ = 2k for some k, n′ < n and ε ∈ {1,−1}, is replaced by 3n′+1 pairs
((an
′
bn
′
cn
′
)−ε, 1) and then (a, a), . . . , (b, b), . . . , (c, c) or
(c−1, c−1), . . . , (b−1, b−1), . . . , (a−1, a−1) again without changing the sum
(2.1).
Next, associate to the word w the canonical corresponding word u =
u1 . . . ul over the alphabet {1, a, b, c}∪{a, b, c}
−1; i.e. each letter wj , for
j ≤ i, which is of the form (an
′
bn
′
cn
′
)ε is replaced by the corresponding
word from the alphabet {1, a, b, c} ∪ {a, b, c}−1. In particular, we have
that u′, the corresponding group element in F3, is equal to a
n · bn · cn.
Thus there exists a subsequence l0 = 1 ≤ l1 < l2 < . . . l3n ≤ l = l3n+1,
where
• ulj = a for 1 ≤ j ≤ n, ulj = b for n + 1 ≤ j ≤ 2n, ulj = c for
2n+ 1 ≤ j ≤ 3n,
• for every 0 ≤ j ≤ 3n, ulj+1 . . . ulj+1−1 is a trivial word, i.e. the
corresponding group element is 1.
It follows (using Lemma 2.5) that for each j ≤ 3n there exists a partial
match ηj : {lj+1, . . . , lj+1−1} → {lj+1, . . . , lj+1−1} that is a match for
the trivial subword ulj+1 . . . ulj+1−1 in u. By η : {1, . . . , l} → {1, . . . , l}
we denote the union
⋃
j ηj ∪ {(lj, lj) : j ≤ 3n}.
Similarly, by t = t1 . . . tl we denote the trivial word of the same
length as u that corresponds to v. Note that already v was a word
over the alphabet {1, a, b, c}∪{a, b, c}−1, so t is only a lengthening; i.e.
for some j ≤ i, if vj ∈ {a, b, c} ∪ {a, b, c}
−1, then the corresponding
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letter also appears in t, and if vj = 1 then t contains |wj|-many 1’s at
that place, where |wj| is the length of wj as a word over the alphabet
{1, a, b, c} ∪ {a, b, c}−1.
So since t is trivial, let us also denote by θ : {1, . . . , l} → {1, . . . , l}
a match for t. Also, for each j ≤ l let φ(j) be the index such that uj
‘comes from’ the letter wφ(j) (each wj can be considered as a subword
of u). Note that for every j ≤ 3n either wφ(lj) is the same letter as ulj ,
or wφ(lj) is the letter a
n′bn
′
cn
′
, for some n′, from An.
We shall now define
(1) a one-to-one map τ : {l1, . . . , l3n} → τ [{l1, . . . , l3n}],
(2) a ‘cost function’ π : {l1, . . . , l3n} → R which will help us es-
timate the value dx↾n(a
n · bn · cn, 1) in the sense that we will
have
3n∑
j=1
π(lj) ≤ d
′
x↾(w1, v1) + . . .+ d
′
x↾n(wi, vi),
(3) a function α : {l1, . . . , l3n} → {0, 1, . . . , i} whose meaning will
be explained during the definition.
For every j ≤ 3n, if vlj = 1 then
• we set τ(lj) = lj ,
• if wφ(lj) is the same letter as ulj , i.e. wφ(lj) ∈ {a, b, c}, then we
set α(lj) = 0; in that case, the sum (2.1) contains as a summand
d′x↾n(wφ(lj), 1) = d
′
x↾n(ulj , 1) = 1, so we set ‘the cost’ π(lj) = 1
to reflect this;
• if on the other hand wφ(lj) is of the form a
n′bn
′
cn
′
, for some
n′, then we set α(lj) = φ(lj) to denote that the letter ulj is
part of an
′
bn
′
cn
′
= wφ(lj); the cost is estimated as follows: let
C = |{j′ ≤ 3n : α(lj′) = α(lj)}| and set
π(lj) =
d′x↾n(wφ(lj), 1)
C
=
d′x↾n(a
n′bn
′
cn
′
, 1)
C
.
If on the other hand we have that vlj 6= 1, then we necessarily have
that vlj = ulj . Then using the match θ we have that vθ(lj) = v
−1
lj
and
so also uθ(lj) = u
−1
lj
. Then we use the match η to get uη◦θ(lj).
Claim 2.8. The letter uη◦θ(lj ) is a part of the letter from w that is of
the form an
′
bn
′
cn
′
, for some n′, i.e. wφ◦η◦θ(lj ) is of this form.
To prove it, assume that θ(lj) < η ◦ θ(lj). The subword
uθ(lj)+1 . . . uη◦θ(lj+1)−1 is trivial. Since the word w¯ is an irreducible word
over the alphabet An, the subword uθ(lj)+1 . . . uη◦θ(lj+1)−1 contains one
of those:
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• the subword a . . . ab . . . bc . . . c followed by the subword
c−1 . . . c−1b−1 . . . b−1a−1 . . . a−1, where the former is a part of the
letter from w that is of the form ambmcm, for some m; or
• the subword c−1 . . . c−1b−1 . . . b−1a−1 . . . a−1 followed by the sub-
word a . . . ab . . . bc . . . c, where the former is a part of the letter
from w that is of the form c−mb−ma−m, for some m.
Assume the former (the latter is treated analogously). Then if wj =
ambmcm is the letter from w corresponding to that subword, then vj =
1. Moreover, for each uj that is a part of the subword
c−1 . . . c−1b−1 . . . b−1a−1 . . . a−1, i.e. uj ∈ {a
−1, b−1, c−1}, we must have
that vj = uj. If not, then on the corresponding subwords of w, resp.
v, wj . . . wj′ and vj . . . vj′ the metric dx↾n would not be minimizing;
i.e. we could find pairs (x1, y1), . . . , (xk, yk) such that (x1 . . . xk)
′ =
(ulj+1 . . . ulj+1−1)
′ = 1, (y1 . . . yk)
′ = (vlj+1 . . . vlj+1−1)
′, however
dx↾n(x1, y1) + . . .+ dx↾n(xk, yk) would be smaller than the sum over the
corresponding letters from w and v respectively.
However, then we could assume that the pairs
(ambmcm, 1),(c−1, c−1), . . . , (b−1, b−1), . . . , (a−1, a−1) were obtained from
the pair (1, c−mb−ma−m) in the words w¯, v¯. That would be a contra-
diction with the fact that w¯ were irreducible as w¯ would contain 1.
In this case we set
• τ(lj) = η ◦ θ(lj),
• α(lj) = φ ◦ η ◦ θ(lj) to denote that ulj , via ‘matching’, belongs
to wφ◦η◦θ(lj ),
• the cost is then, similarly as above, estimated as follows: let
C = |{j′ ≤ 3n : α(lj′) = α(lj)}| and set
π(lj) =
d′x↾n(wφ◦η◦θ(lj ), 1)
C
=
d′x↾n(a
n′bn
′
cn
′
, 1)
C
.
It is straightforward to check that the cost function π gives the estimate
(2.2)
3n∑
j=1
π(lj) ≤ d
′
x↾(w1, v1) + . . .+ d
′
x↾n(wi, vi).
Lemma 2.9. There can be at most one i′ 6= 0, i′ ∈ {1, . . . , i} such that
for some 1 ≤ j ≤ n, n + 1 ≤ j′ ≤ 2n, 2n + 1 ≤ j′′ ≤ 3n, i.e. ulj = a,
ulj′ = b and ulj′′ = c, we have that α(lj) = α(lj′) = α(lj′′) = i
′.
Suppose otherwise that there are i′ < i′′ 6= 0, i′, i′′ ∈ {1, . . . , i}
such that for some 1 ≤ j 6= k ≤ n, n + 1 ≤ j′ 6= k′ ≤ 2n, 2n +
1 ≤ j′′ 6= k′′ ≤ 3n we have that α(lj) = α(lj′) = α(lj′′) = i
′ and
α(lk) = α(lk′) = α(lk′′) = i
′′. Note that the letter wi′ corresponds
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to some interval of letters from the word u (of the type an
′
bn
′
cn
′
for
some n′), the same for the letter wi′′; i.e. there are disjoint intervals
I ′ < I ′′ ⊆ {1, . . . , l} such that (uj)j∈I′ correspond to wi′ and (uj)j∈I′′
correspond to wi′′. Moreover, by definition of the function τ , we have
that τ(lj), τ(lj′), τ(lj′′) ∈ I
′ and τ(lk), τ(lk′), τ(lk′′) ∈ I
′′, thus τ(lj) <
τ(lj′) < τ(lj′′) < τ(lk) < τ(lk′) < τ(lk′′). This, together with the
fact that {lj, lk} < {lj′, lk′} < {lj′′, lk′′} (where inequality between sets
means that each element from one set is smaller than every element
from the other set), will lead us to a contradiction. We shall need two
claims.
Claim 2.10. For no pair x ∈ {lj , lj′, lj′′}, y ∈ {lk, lk′, lk′′} we can have
any of those inequalities
x < y < τ(x) < τ(y),
τ(x) < τ(y) < x < y,
x < τ(y) < τ(x) < y,
τ(y) < x < y < τ(x).
(2.3)
i.e. τ behaves like a match for such a pair.
The verification is tedious, however it is rather uneventful. It helps
to draw a picture of the situation. We show that we cannot have
lj < lk < τ(lj) < τ(lk).
The other cases are completely analogous. Note that we have τ(lj) =
η ◦ θ(lj) and τ(lk) = η ◦ θ(lk), where θ is a match and η is a match
of the form
⋃
j ηj ∪ {(lj, lj) : j ≤ 3n}. First of all, since η and θ are
matches, in order to have lj < lk < η ◦ θ(lj) < η ◦ θ(lk) we must have
lj < lk < θ(lk) < θ(lj). Recall that for each r ≤ 3n, ηr is a match on the
trivial word ulr+1 . . . ulr+1−1 which we shall denote by Ur here. Thus if
we are to have η ◦ θ(lj) < η ◦ θ(lk) there must be r ≤ 3n such that both
θ(lj) and θ(lk) belong to the trivial word Ur, and so η ◦θ(lj) = ηr ◦θ(lj)
and η ◦ θ(lk) = ηr ◦ θ(lk). We can write Ur as
s1uθ(lk) = a
−1s2uθ(lj) = a
−1s3wi′ = a
n′bn
′
cn
′
s4a = uτ(lk)s5
where s1s5 is trivial, s3 is trivial and s2s4 is trivial. Since uτ(lj′ ) and
uτ(lj′′ ) are part of wi′ we have that uθ(lj′) is either part of s2 or part
of s4; the same is true for uθ(lj′′ ). However, none of them can be part
of s2. Indeed, suppose that, let us say, uθ(lj′) is part of s2. Then we
have that θ(lk) < θ(lj′) < θ(lj) and since θ is a match, we have that
lj < lj′ < lk which is a contradiction. The verification for uθ(lj′′ ) is
the same. Thus uθ(lj′ ) and uθ(lj′′ ) are part of s4, and since τ(lj′) <
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τ(lj′′) < min{θ(lj′), θ(lj′′)}, we have that θ(lj′′) < θ(lj′). Now since
θ(lj′′) < θ(lj′) < τ(lk) and necessarily also τ(lk) < τ(lk′) < τ(lk′′) <
min{θ(lk′), theta(lk′′)}, we have
θ(lj′′) < θ(lj′) < θ(lk′′) < θ(lk′).
Since θ ◦ θ(lj′′) = lj′′ > θ(lk′) and θ is a match we get that
lk′ < lk′′ < lj′ < lj′′
which is a contradiction.
Claim 2.11. We have
(1) either lk < lj ≤ τ(lj) < τ(lk),
(2) or lj′′ > lk′′ ≥ τ(lk′′) > τ(lj′′).
Suppose that the first case does not happen, however lj ≤ τ(lj).
Then since τ(lk) > τ(lj) we necessarily have that lk > τ(lj) because
of (2.3). Since τ(lj) < τ(lj′′) < τ(lk′′) and τ(lj) < min{lj′′, lk′′} (since
lk < min{lj′′, lk′′}) we necessarily have that τ(lj′′) < τ(lk′′) < lk′′ < lj′′
(again using the ‘almost-match’ property of τ from (2.3)), and we are
in the second case.
Thus suppose that neither the first nor the second case happen and
τ(lj) < lj . Then necessarily also τ(lj′′) < lj′′. Since the second case
does not happen we must have that lj′′ < lk′′. Because of (2.3), we
must have that lj′′ < τ(lk′′). However, since lk < lj′′ this implies that
τ(lj′′) < lk′ < lj′′ < τ(lk′) which contradicts (2.3).
So necessarily either the first or second case happens. Suppose the
first case happens. We shall reach a contradiction. The seconds case
is symmetric to the first one, so the contradiction can be reached anal-
ogously. We necessarily have that lk′ > τ(lj) since otherwise we would
have lj < lk′ < τ(lj) < τ(lk′ which would contradict (2.3). Also, we
necessarily have that lj′′ < τ(lk) since otherwise we would have that
lk < τ(lj′′) < τ(lk) < lj′′ which would again contradict (2.3). However
then we have that τ(lj′′) < lk′ < lj′′ < τ(lk′) which again contradicts
(2.3).
We are ready to finish the proof. By Lemma 2.9 there is at most one
i′ such that for some 1 ≤ j ≤ n, n+1 ≤ j′ ≤ 2n, 2n+1 ≤ j′′ ≤ 3n, i.e.
ulj = a, ulj′ = b and ulj′′ = c, we have that α(lj) = α(lj′) = α(lj′′) = i
′.
The worst we can expect is that
• wi′ = a
n′bn
′
cn
′
, where n′ = n/2 and d′x↾n(a
n′ · bn
′
· cn
′
, 1) = 2n′,
• for n′-many a’s, n′-many b’s and n′-many c’s we have that they
are associated to wi′ ; i.e. more precisely, there is a set J ⊆
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[1, . . . , n] such that |J | = n′ and for every j ∈ J we have α(lj) =
i′; similarly there are sets of size n′, J ′ ⊆ [n + 1, . . . , 2n] and
J ′′ ⊆ [2n + 1, . . . , 3n] such that for every j ∈ J ′ ∪ J ′′ we have
α(lj) = i
′.
We then have that ∑
j∈J∪J ′∪J ′′
π(lj) = 3n
′ ·
2n′
3n′
= 2n′.
It follows that for any other i′′ 6= 0 in the range of α, i.e. correspond-
ing to some word wi′′ of the form a
n′′bn
′′
cn
′′
we can have at most 2n′′
associated j’s from [1, . . . , 3n] such that α(lj) = i
′′. For any such j the
cost is thus
π(lj) =
d′x↾n(a
n′′ · bn
′′
· cn
′′
, 1)
|{j′ : α(j′) = i′′}|
≥
2n′′
2n′′
= 1.
Since also for any j ∈ [1, . . . , 3n] such that α(lj) = 0 we have π(lj) = 1,
it follows that we have that∑
j∈[1,...,3n]\(J∪J ′∪J ′′)
π(lj) ≥ |[1, . . . , 3n] \ (J ∪ J
′ ∪ J ′′)| = 3n′.
Combining that with (2.2) we get
d′x↾(w1, v1) + . . .+ d
′
x↾n(wi, vi) ≥
3n∑
j=1
π(lj) ≥ 2n
′ + 3n′ = 3n− n/2.
This finishes the proof. 
3. Concluding remarks and open problems
Let us conclude with a remark on how to construct analogous uni-
versal groups of higher densities (for certain cardinals) and how the
situation there differs from the countable case. Then we proceed to
several problems and questions that arose during our research.
3.1. Universal groups of uncountable weight. We briefly describe
how to generalize the construction for certain uncountable density, resp.
weight. Let κ be an uncountable cardinal such that κ<κ = κ. Con-
sistently, there is no such cardinal. On the other hand, consistently,
assuming the generalized continuum hypothesis, every successor car-
dinal has this property. It is known that under this assumption, the
generalized Fra¨ısse´ theorem holds, i.e. for any class of structures gen-
erated by less than κ-many elements which is of size at most κ and
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has the joint-embedding and amalgamation properties, there is a cor-
responding Fra¨ısse´ limit. Moreover, the following observation will be
useful.
Observation 3.1. Assume the generalized continuum hypothesis. Let
L be some, say countable, signature. Let λ be an uncountable limit
cardinal and let Kλ be some class of L-structures generated by at most
λ-many elements which is closed under taking direct limits of directed
systems from Kλ of size less than λ. For every infinite successor car-
dinal κ+ < λ, let Kκ be the subclass of Kλ consisting of L-structures
generated by at most κ-many elements, and suppose that such Kκ
has joint-embedding and amalgamation properties. Then there is an
L-structure U generated by at most λ-many elements which contains
isomorphically as a substructure every L-structure from Kλ.
Indeed, this is just an iteration of the Fra¨ısse´ construction. Start
with some uncountable cardinal κ < λ. Since (κ+)κ = 2κ = κ+, we
have that Kκ has a Fra¨ısse´ limit Uκ. Since Kλ is closed under taking
direct limits, Uκ ∈ Kλ. By induction, we can repeat the construction
for every uncountable cardinal κ < λ to obtain Uκ in such a way that for
κ1 < κ2 < λ, Uκ1 ⊆ Uκ2. The direct limit U of the system {Uκ : κ < λ}
is then the desired universal L-structure. We note that although U
is universal, it does not necessarily have the homogeneity property of
Fra¨ısse´ limits.
Theorem 3.2. Let κ be an uncountable cardinal such that κ<κ = κ.
Then there exists a metrically universal group Gκ, with bi-invariant
metric, of density/weight κ. Thus any group equipped with bi-invariant
metric which has density less or equal to κ embeds into Gκ via an
isometric monomorphism.
Note that now there is no restriction on the diameter of Gκ. Gκ is
unbounded and contains isometric copies of unbounded metric groups.
The construction is analogous to the construction of the universal
GK from the first section, just much easier. We consider the class
Kκ of all free groups of strictly less than κ generators equipped with
bi-invariant pseudometric. The pseudometric might be arbitrary, it
does not have to be rational and it does not have to be generated by
values on some proper subset of the free group. The reason for that
is that there are still only κ-many such groups. However, we restrict
the class of morphisms between them to those that send generators to
generators, as in the countable case.
The amalgamation is then proved analogously. Suppose we have
G0, G0 ∗ F1 and G0 ∗ F2 where the pseudometric di, i ∈ {1, 2}, on
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G0 ∗ Fi when restricted to G0 is equal to the pseudometric on G0.
Then we form the canonical algebraic amalgamation G0 ∗ F1 ∗ F2. Let
d′ ⊇ d1∪ d2 be the partial pseudometric on G0 ∗F1 ∗F2 defined so that
for any a ∈ G0 ∗ F1, b ∈ G0 ∗ F2, where G0, G0 ∗ F1 and G0 ∗ F2 are all
considered as subgroups of G0 ∗ F1 ∗ F2, we have
d′(a, b) = inf{d1(a, c) + d2(c, b) : c ∈ G0}.
We then extend d′ to the whole G0 ∗ F1 ∗ F2 canonically; i.e. for any
a, b ∈ G0 ∗ F1 ∗ F2 we set
d(a, b) = inf{d′(a1, b1) + . . .+ d
′(an, bn) :
a = a1 · . . . · an, b = b1 · . . . · bn, a1, b1, . . . , an, bn ∈ G0 ∗ F1 ∪G0 ∗ F2}.
We thus get a certain limit Gκ of this amalgamation class which is
a free group with κ-many generators equipped with bi-invariant pseu-
dometric. We take the quotient and then the completion (actually, an
easy argument shows that the limit was already complete). This will
be the desired group Gκ. Let G be any group with bi-invariant metric
and density at most κ. Using Theorem 1.9 as in the countable case we
may suppose that G has the free group of κ-many generators as a dense
subgroup. Using universality of Gκ we can find an isometric copy of
this free group in Gκ. It follows that G then lies in Gκ.
Using Theorem 3.2 and ideas from Observation 3.1 we can, under
GCH, construct metrically universal group with bi-invariant metric
even for limit uncountable cardinals, so those for which Theorem 3.2
cannot be applied directly.
Corollary 3.3. Under GCH, there is a metrically universal group Gκ,
with bi-invariant metric, of density/weight κ, for an arbitrary uncount-
able cardinal κ.
Proof. If κ is a successor cardinal, then κ<κ = κ, and so we use the
Fra¨ısse´ construction above. So suppose now that κ is a limit of infinite
cardinals (λβ)β<α, where α is the cofinality of κ and for each β < α,
if β is isolated, then λβ is isolated as well. We use the ideas already
explained in Observation 3.1. For each isolated β < α there is a group
Gβ which is the Fra¨ısse´ limit of the class Kλβ as above. Moreover, we
can suppose that for each β1 < β2 we have that Gβ1 is a subgroup of
Gβ2 and for each γ < α limit we have a group Gγ defined as the direct
limit of (Gβ)β<γ . Then we define Gα to be the direct limit of (Gβ)β<α
and we set Gκ to be the quotient and completion of Gα. We claim that
Gκ is metrically universal for groups with bi-invariant metric of density
at most κ.
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LetH be a metric group with bi-invariant metric with density at most
κ. Suppose without loss of generality that the density is exactly κ. We
denote by H a dense subgroup of size κ and write H as the direct
limit of subgroups (Hβ)β<α, where Hβ, for β < α, has size β. Take
some isolated β0 < α. Then we can find an isometric monomorphism
φβ0 : Hβ0 → Gβ0 . By the extension property of Gβ0+1 we can extend it
to an isometric monomorphism φβ0+1 : Hβ0+1 → Gβ0+1. We continue
analogously by induction, taking direct limits at the limit steps. At
the end we get an isometric monomorphism φ : H → Gα ≤ Gκ. Then
the completion H of H lies inside Gκ isometrically. 
Corollary 3.4. Under GCH, there is a universal SIN group of weight
κ for every infinite cardinal κ.
Proof. Let κ be an infinite cardinal. If κ is countable then we are done
by Theorem 0.2, so suppose that κ is uncountable. By Corollary 3.3,
there is a metrically universal group Gκ with bi-invariant metric of
density κ. Denote by H the product of κ-many copies of Gκ. It is a
topological SIN group of weight κ. Now let F be any topological SIN
group of weight at most κ. It is well known that the topology of F is
determined by a family (pα)α<κ of κ-many bi-invariant pseudometrics
(we allow repetitions in the family, so we assume its size is indeed
exactly κ). For each α < κ denote by Fα the metric group which is
the quotient of F with respect to the pseudometric pα; i.e. F/Nα,
where Nα is the closed normal subgroup {f ∈ F : pα(f, 1) = 0}.
Clearly, F embeds topologically as a subgroup of
∏
α<κ Fα, thus it
suffices to embed
∏
α<κ Fα into H. However, that is immediate since
H =
∏
α<κGκ, and for each α < κ, Fα embeds isometrically into
Gκ. 
3.2. Open problems. Let us start with a problem related to a topic
in geometric group theory. The following question was asked to us by
Pestov.
Question 3.5. Can the universal group G be obtained as a subgroup
of a metric ultraproduct of finite groups with bi-invariant metric?
We shall comment on this question more. Let M be some class
of groups equipped with bi-invariant metric. Let G be an arbitrary
(discrete) group. We say that G is M-approximable if there is some
constant K such that for every finite subset F ⊆ G and every ε > 0
there exist a group (H, d) ∈ M and a map ϕ : F → H such that
• for every f, g ∈ F such that f ·g ∈ F we have d(ϕ(f)·ϕ(g), ϕ(f ·
g)) < ε,
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• if 1 ∈ F then we have d(1H , ϕ(1)) < ε,
• for every f 6= g ∈ F we have d(ϕ(f), ϕ(g)) ≥ K.
An equivalent definition is the following: G is M-approximable if any
finitely generated subgroup of G (algebraically) embeds into a metric
ultraproduct of groups from M.
The most interesting cases are when M is the set of unitary groups
of finite rank equipped with the Hilbert-Schmidt distance and when
M is the set of finite permutation groups equipped with the normal-
ized Hamming distance. For the former, such M-approximable groups
are then called hyperlinear, and for the latter, such M-approximable
groups are called sofic. The major open problem is whether every group
is hyperlinear and sofic. We refer the reader to the survey [24] about
these groups.
When M is the set of all finite groups equipped with some bi-
invariant metric, then such M-approximable groups are called weakly
sofic. Weakly sofic groups as a generalization of sofic groups were intro-
duced by Glebsky and Rivera in [11] as the existence of a non-weakly
sofic group is equivalent to a certain conjecture about pro-finite topol-
ogy on finitely generated free groups.
Positive answer to Question 3.5 would thus imply that every group
is weakly-sofic. Indeed, it is enough to prove it for countable groups
(resp. just finitely generated). Each such a group can be equipped
with a trivial bi-invariant metric (which takes values just 0 and 1) and
it thus exists as a subgroup of G.
The most direct approach how to prove it would be to answer the
following question which is in our opinion interesting in its own right.
We will see it will also imply the next mentioned problem, so it is in
our opinion the most interesting and important question posed in this
paper.
Question 3.6. Let (Fn, ρ) be a finitely generated free group with a bi-
invariant metric and let A ⊆ Fn be its finite subset and ε > 0. Does
there exist a finite group F equipped with some bi-invariant metric and
partial monomorphism ι : A ⊆ Fn → F which is also an ε-isometry?
Notice that a positive answer to Question 3.6 would also lead to
a positive answer to Question 3.5. Indeed, note at first, that G, the
canonical dense subgroup of G obtained by the Fra¨ısse´ construction,
is a direct limit of certain sequence (Gn)n of finitely generated free
groups with rational finitely generated metric. Assume that for each
n, the metric on Gn is generated by values on a finite subset An ⊆ Gn.
Suppose that for each n we have a finite group Fn with bi-invariant
metric and a partial monomorphism ιn : An ⊆ Gn → Fn which is an
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1/2n-isometry. Then it is straightforward to check that the metric ul-
traproduct of the sequence (Fn)n would contain isometrically G, and
thus, since it is complete, also G.
A possible approach to Question 3.6 is to find a finite group F with
a finite subset A′ ⊆ F such that there is a partial monomorphism
ν : A ⊆ Fn → A
′ ⊆ F . Such F always exists since free groups are
residually finite. Moreover, we can assume that A′ generates F . Then
one can try to define a bi-invariant metric on F as follows: for every
a, b ∈ F set
dF (a, b) = min{ρ(ν
−1(a1), ν
−1(b1)) + . . .+ ρ(ν
−1(an), ν
−1(bn)) :
a = a1 · . . . · an, b = b1 · . . . · bn, ∀i ≤ n(ai, bi) ∈ (A
′)2}.
Note however that there is no guarantee we will have for every pair
a, b ∈ A′ that dF (a, b) = ρ(ν
−1(a), ν−1(b)). Can F be chosen in such a
way that this holds true?
We were directed to the following question by Tsankov:
Question 3.7. Is G extremely amenable?
Recall that a group is extremely amenable if whenever it acts con-
tinuously on a compact Hausdorff space, then it has a fixed point (we
refer to [23] for more information about extreme amenability). In [19],
Melleray and Tsankov prove that for any ‘suitable’ countable abelian
group G, the set of those bi-invariant metrics d on G such that (G, d)
is extremely amenable is dense Gδ (see Theorem 6.4 in [19]). The nat-
ural question is to ask whether the same conclusion holds when G is
the free group of countable many generators. If the answer is positive,
then together with Theorem 1.20 we will get that G is indeed extremely
amenable.
We were informed by Tsankov that a sufficient requirement to get
such a conclusion for F∞, and so to prove thatG is extremely amenable,
would be to prove that in the set of all pseudometrics on F∞, those
pseudometrics whose quotients give finite groups form a dense subset.
Curiously, one can readily check that this is an equivalent problem
with that one from Question 3.6. So not only does a positive solution
of Question 3.6 imply a positive solution to Question 3.5 (and thus im-
plies that all groups are weakly sofic), it also implies a positive answer
to Question 3.7.
Our next problem is connected to the properties of the distance dist.
It was defined for free groups, resp. for free abelian groups in [4].
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Analogous definition is possible for any (finitely generated) group. Let
G be a finitely generated group and let |.| : G → N be its Cayley
distance, i.e. a graph metric in the Cayley graph of G for some specified
finite set of generators. Let DG be the set of all bi-invariant metrics on
G. For ρ1, ρ2 ∈ DG we set
distG(ρ1, ρ2) = inf{ε : ∀g ∈ G(|ρ1(g, 1)− ρ2(g, 1)| ≤ ε · |g|}.
The main result from the previous section relies on the fact that if G
is a free group, then (DG, distG) is not separable. While in [4], it was
proved, resp. it follows from results there, that if G is a free abelian
group, then (DG, distG) is separable.
We have the following question.
Question 3.8. For which finitely generated groups G we have that
(DG, distG) is separable?
Is the property of having such a space of metrics separable any related
to amenability or (sub)exponential growth? It is apparently somehow
connected to the geometry of G in the sense of geometric group theory.
The last questions are all about some form of universality. We start
with a question asked by Shkarin in [28] where it appears as Problem
2.
Question 3.9. Does there exist a separable group with left-invariant
metric that is metrically universal for the class of separable groups with
left-invariant metric?
Of course, such a group could not be complete (and could not be
completed) as then it would belong to a special class of groups that is
known to not have a universal object by the result of Malicki ([18]).
Maybe one could produce a universal group with incomplete metric
(whose completion would have to be only a semigroup).
We proved in Theorem 2.1 that there is no metrically universal lo-
cally compact group with bi-invariant metric. However, we may ask
for a bounded one.
Question 3.10. Does there exist a separable locally compact group G
with bi-invariant metric bounded by 1 such that every separable locally
compact group with bi-invariant metric bounded by 1 embeds via an
isometric isomorphism?
We have a similar question for compact groups. Here the requirement
on boundedness of the metric is also obvious.
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Question 3.11. Does there exist a compact group G with bi-invariant
metric bounded by 1 such that every compact group with bi-invariant
metric bounded by 1 embeds via an isometric isomorphism?
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